VIRTUALLY FREE PRO-P GROUPS

Pavel A. Zalesskii^�

In this paper we overview recent results on virtually free pro-p groups, i.e., pro-p groups having open free subgroups. We describe also applications of these results to the study of automorphisms of finite order of free pro-p groups. Some of the interest in this topic comes from number theory; for instance, virtually free pro-2 groups have been studied in the contex of Galois theory in [Haran 93], [Engler 95].

Well-known result on virtually free pro-p groups was obtained by Serre in a seminal paper [Serre 65]:

Theorem 1. [Serre 65] Let G be a pro-p-group and F an open free pro-p subgroup of G. If G is torsion free, then G is also a free pro-p group.

The next result is the pro-p analogue of the Dyer-Scott theorem [Dyer-Scott 75]. It has been proved by Scheiderer in the finitely generated case and extended by W.Herfort, L.Ribes and P. Zalesskii to the general case.

Theorem 2. [Scheiderer 98], [Herfort-Ribes-Zalesskii 98]. If G is a pro-p group having a free pro-p subgroup F of index p then

G ∼= ( a x2X (C_p × H_x) a H,

is a free pro-p product, where C_p denotes the group of order p, H_x, H are free pro-p subgroups of F and X is the space of conjugacy classes of subgroups of order p in G.

�Supported by the Austrian Science Foundation.

A characterization of cyclic extensions of free pro-p groups as the fundamental groups of a graph of groups in the category of pro-p groups is given in the following

Theorem 3. [Herfort-Zalesskii 99] Let G be a cyclic extension of a free pro-p group, i.e., there is an exact sequence 1 −→ F −→ G −→ C_pn −→ 1, where F is a free pro-p group and C_pn is a cyclic group of order p^n for n ∈ N. Then G is the fundamental group of a profinite graph of finite p groups of bounded order.

Furthermore, free-by-cyclic pro-p groups admit an internal description as a free product along the lines of Theorem 2.

Theorem 4. [Herfort-Zalesskii 99] Let G be a cyclic extension of a free pro-p group F . Then G ∼= a x2X N_G(C_x) a H,

is a free pro-p product, where {C_x | x ∈ X} is a system of representatives of conjugacy classes of subgroups of order p in G, N_G(C_x) is the normalizer of C_x in G, and H is a free pro-p subgroup of F .

It turns out that Theorem 3 is the best possible result one can obtain without restrictions on the rank of F . An example of a semidirect product F ×(C_2 × C_2) which cannot be represented as the fundamental group of a profinite graph of finite p groups is given. The reason for this seems to be purely topological, arising from the fact that for a pro-p group acting on a profinite space X of large cardinality (for example ℵ_2) the quotient map X −→ X/G does not always admit a continuous section. It is reasonable to believe that similar characterization is likely to be true if the rank of the free subgroup F is not so large, in particular, when it is finite. The following result provides strong support for this.

Theorem 5. [Herfort-Ribes-Zalesskii (1) 98] Let G be a finite extension of free pro-p group of rank(F ) < 3. Then G is the fundamental pro-p group of a finite graph of finite p-groups.

In fact, the information obtained in [Herfort-Ribes-Zalesskii (1) 98] is very precise. For example the next theorem gives a very explicit description of finite extensions of a free group of rank 2 having trivial center.

Theorem 6. [Herfort, Ribes, Zalesskii (1) 98] Let G be a pro-p-group with trivial center having an open normal free subgroup F of rank 2. Then G has one of the following structures:

1) G is a free pro-p group of finite rank. 2) p = 3 and G ≃ C_3 ‘ C_3 3) p = 2 and G has one of the following forms:

a) G ≃ C_2 ‘ C_2 ‘ C_2; b) G ≃ C_2 ‘Z_2;

c) G ≃ C_2 ‘(C_2 × Z_2); d) G ≃ C_4 ‘ C_2;

e) G ≃ (C_2 × C_2) ‘ C_2;

f) G ≃ (Z_2 × C_2) ‘_{C2} (C_2 × C_2) ‘_{C2} (C_2 × Z_2) The counterexample mentioned above provides also a counterexample to a pro-p analogue of the Kurosh Subgroup Theorem. In the case of countably based pro-p groups such an analogue was proved by D.Haran [Haran 87] and O.V.Melnikov [Melnikov 90] independently.

We now turn to automorphisms of free pro-p groups. It is well-known that the automorphism group Aut(F ) of a free pro-p group of finite rank is a profinite group, in fact a virtually pro-p group, i.e. Aut(F ) contains an open pro-p subgroup. It follows that one can consider the order of an automorphism of F as supernatural number rp^t, where r is a natural number relatively prime to p and 0 ≤ t ≤ ∞.

By a celebrated theorem of Gersten [Gersten 86] the group of fixed points of an automorphism of a free abstract group of finite rank is finitely generated. The next theorem shows that the pro-p analogue of this theorem does not hold, unless one makes some restrictions on the order of the automorphism.

Theorem 7. [Herfort-Ribes 90] Let F be a free pro-p group of rank(F ) = n > 1 and α an automorphism of F . If the order m of α is coprime to p, then the rank of the group of fixed points Fix_F (α) is necessarily infinite.

This result is less surprising if one considers the holomorph F ×⟨α⟩, and Fix_F (α) as the centralizer of α. Indeed, the properties of virtually free prop groups are in many cases similar to those of abstract free groups, but may change radically if one is at some point forced to go outside the class of prop groups. Thus, one might resonably conjecture that the appropriate pro-p analogue of Gersten’s theorem will require in addition that the holomorph be a pro-p group, or, equivalently, that the order of α be p^t for 0 ≤ t ≤ ∞.

Conjecture [Herfort-Ribes-Zalesskii 95] Let F be a free pro-p group of rank n, and α an automorphism of F of order p^t (0 ≤ t ≤ ∞). Then the rank of Fix_F (α) is at most n.

If the order of the automorphism α is finite, an affirmative answer to this conjecture follows from Theorem 2. Indeed, in this case the holomorph F ×⟨α⟩ is a virtually free group, and its subgroup F ×⟨α^{pt} �1 ⟩ satisfies the assumptions of Theorem 2. Hence by applying that theorem subsequently t times in succession

(or using induction on t) one deduces the following result.

Theorem 8. [Scheiderer 98], [Herfort-Ribes-Zalesskii 98] Suppose F is a free pro-p group and α is an automorphism of F of order p^t (t < ∞). Then the set of fixed points F ix_F (α) is a free factor of F . In particular, rank(Fix_F (α)) ≤rank(F ).

It is known that the automorphism group Aut(F_n) of a free pro-p group of rank n > 1 is much more complicate than the automorphism group Aut(Φ_n) of the abstract free group Φ_n of rank n. Athough Aut(Φ_n) is embedded in Aut(F_n), it is by no means dense there. In fact, V.Romankov has proved that Aut(F_n), n > 1, is (topologically) infinitely generated! (See [Romankov 93]). Nevertheless, Theorem 4 affords a description of the conjugacy classes of the automorphisms of finite order of a free pro-p group.

Theorem 9. [Herfort-Zalesskii 99] Let F be a free pro-p group.

(1) There exists a dense abstract free subgroup Φ of the same rank as F , such that each conjugacy class of automorphisms of order p^n in Aut(F ) intersects precisely one conjugacy class of automorphisms of order p^n in Aut(Φ);

(2) The conjugacy classes of automorphisms of F having order q coprime to p are in one-to-one correspondence to the conjugacy classes of automorphisms of order q of the Frattini quotient F/F �.

An application of Theorem 6 gives a precise list of the number of conjugacy classes of a given order automorphism of a free pro-p group of rank 2.

Theorem 10. [Herfort, Ribes, Zalesskii (1) 98] Let S denote the set of all possible orders of torsion elements of the automorphism group Aut(F_2) of a free pro-p group of rank 2. Let c(s) be the number of conjugacy classes of automorphisms of order s. Then

(1) if s is coprime to p, then s | p^2 − 1, and one of the following holds:

(a) s | p − 1 and c(s) = ϕ(s)s (b) s | p − 1 and c(s) =^{ϕ(s)}_2 , where ϕ denotes Euler’s function;

(2) if p = 2, then S = {2, 3, 4} and c(2) = 4, c(3) = 1, c(4) = 1;

(3) if p = 3, then S = {2, 3, 4, 8} and c(2) = 2, c(3) = 1, c(4) = 1, c(8) = 2;

(4) if p > 3, then any s ∈ S is coprime to p, so that the formulas in (1) hold.

References

[Dyer-Scott 75] Dyer, J. L. and Scott, G. P., Periodic automorphisms of free groups, Comm. Algebra, 3 (1975) 195-201.

[Engler 95] Engler, A. J., On the cohomological characterization of real Free pro-2 groups, Manuscripta Math. 88 (1995), 247-259.

[Gersten 86] Gersten, S. M., Fixed points of automorphisms of free groups, Invent. Math. 84 (1986) 91-119.

[Haran 87] Haran, D., On closed subgroups of free products of profinite groups, Proc. London Math. Soc. 55 (1987) 266-298.

[Haran 93] Haran, D., On the cohomological dimension of Artin-Schreier Structures, J. Algebra 156 (1993) 219-236.

[Herfort-Ribes 90] Herfort, W. N. and Ribes, L., On automorphisms of free pro-p groups, Proc. Amer. Math. Soc. 108 (1990) 287-295.

[Herfort-Ribes-Zalesskii 95] Herfort, W. N., Ribes, L. and Zalesskii, P. A., Automorphisms of free pro-p groups of rank 2, Canadian J. Math 47 (1995) 383-404

[Herfort-Ribes-Zalesskii (1) 98] Herfort, W. N., Ribes, L. and Zalesskii, P.

A., Finite extensions of free pro-p groups of rank at most two, Israel J. Math. 107 (1998), 195-207.

[Herfort-Ribes-Zalesskii (2) 98] Herfort, W. N., Ribes, L. and Zalesskii, P.

A., p-Extensions of free pro-p groups, Forum Mathematicum (11) (1999), 49-61.

[Herfort-Zalesskii 99] Herfort, W. N. and Zalesskii, P. A., Cyclic extensions of free pro-p groups, J. Algebra 216 (1999), 511-547.

[Melnikov 90] Mel’nikov, O. V., Subgroups and homology of free products of profinite groups, Math. USSR Izvestiya, 34 (1990) 97-119.

[Romankov 93] Romankov, V. A., Infinite generation of automorphism groups of free pro-p groups, Siberian Math. J. 34 (1993) 727-732.

[Scheiderer 98] Scheiderer, C., The structure of some virtually free pro-p groups, Proc. Amer. Math. Soc. 127 (1999), 695-700.

[Serre 65] Serre, J.-P., Sur la dimension cohomologique des groupes profinies, Topology 3 (1965) 413-420.

Department of Mathematics University of Brasilia 70910-900 Brasilia-DF Brazil