HERMITIAN STRUCTURES AND EQUI-HARMONIC TORI ON NON-SYMMETRIC COMPLEX FLAG MANIFOLDS^�

Xiaohuan Mo^y Caio J.C. Negreiros

Dedicated to Prof. M. do Carmo on the occasion of his 70th birthday

Abstract

In this note we give a analyse Hermitian structures on flag manifolds and its relationship with tournament theory. We also discuss equiharmonic maps into flag manifolds (i.e maps which are harmonic for any left invariant Borel type metric), as well as some stability properties of a very important class of maps, namely: the Eells-Wood’s maps.

Resumo

Nesta nota fazemos uma exposição sobre as estruturas Hermitianas em variedades bandeira e a relação destas com a Teoria de torneios. Discutimos também aplicações equi-harmônicas em variedades bandeira (isto é, aplicações as quais são harmônicas relativamente a cada métrica invariante do tipo de Borel), assim como algumas propriedades de estabilidade relativas a uma classe muito importante de aplicações, a saber: as aplicações de Eells-Wood.

1. Introduction

In this paper we give a survey on some results obtained during the process of

understanding harmonic maps from compact Riemann surfaces into flag manifolds. Since minimal surfaces are harmonic in some conformal structure, special

examples are provided by them.

�1991 Mathematics Subject Classification: 58E20. Key Words: Harmonic maps, Hermitian structures, Stability and tori.

ySupported by the National Natural Science Foundation of China (Grant #19871001) and Fapesp (Brazil).

Calabi [8], Chern [9] and Eells-Sampson [13] initiated the modern study of harmonic maps into Riemannian manifolds. It was given a special attention to the case of 2-spheres in S^n (or R^n). Important results were obtained in [10], [12] and [1].

The physicists Din-Zakarewski and Glaser-Stora showed that it could be very useful to complexify the problem, i.e. to consider the natural and totally geodesic embedding of RP^n into CP^n.

Eells-Wood [14] classified all harmonic maps ϕ : S^2 → G_1(C^n ) ≈ (CP^{n−1}, metric of Fubini-Study) in terms of full holomorphic maps h : S^2 ≈ CP^1 →

CP^{n−1}. Chern-Wolfson [11] and independently Burstall-Wood [7] classified ev-

ery harmonic map ϕ : S^2 → G_k(C^n ), k = 2, 3, 4 and 5 in terms of the holomorphic maps between these manifolds. More generaly, using Cartan’s embedding, Uhlenbeck in [25] classified all harmonic maps ϕ : S^2 → G_k(C^n ) for arbitrary k also in terms of holomorphic data.

In this note we describe some properties of Hermitian structures on flag manifolds. We will give some results relative to f-structures. Such structures appear naturally in the theory of twistors.

In [20] is derived the harmonic map equations for the energy functional defined in the space of maps from surfaces into flag manifolds in order to construct an infinite family of examples which show that a converse of a well known theorem due to Black [2] is not true. We recall that Black’s theorem states that a holomorphic map with respect to a horizontal f-structure from a surface into a flag manifold must be equi-harmonic.

Finally, we discuss some stability properties of a very important class of equi-harmonic maps, namely, the Eells-Wood’s maps.

2. Complex Geometry of F (n)

We can see geometrically the maximal flag manifold F (n) as the space formed by n-tuples (L_1, ..., L_n) such that L_i is a rank one subspace of C^n , L_i ⊢ L_j, i ≠ j and^n ⨁ i=1 L_i = C^n .

Algebraically we can describe F (n) as U(n) T where U(n) = {A ∈ M(n × n, C );

A.A^t = A.A^∗ = I} and T is an maximal torus of U(n) i.e., T = U(1) × ... × U(1)

n−times . Let p = T (F (n))_{(T )} the tangent space of F (n) at (T) and u(n) = {X ∈ M(n × n, C ); X + X^∗ = 0} = p ⊕ u(1) ⊕ ... ⊕ u(1) u−times . Now we consider U(n)-invariant almost complex structures J : p → p;

J^2 = −I. Borel and Hirzebruch [4] showed that there are 2(^{n2}) such invariant structures.

Example 2.1. We consider n = 3 and J : p → p defined in the following way:

J 0 a_{12} a_{13} −a_{12} 0 a_{23} −a_{13} −a_{23} 0 = 0 ε_1 √ −1 a_{12} ε_2 √ −1 a_{13} ε_1 √ −1 a_{12} 0 ε_3 √ −1 a_{23} ε_2 √ −1 a_{13} ε_3 √ −1 a_{23} 0

where ε_i = ±1, i = 1, 2 and 3. There are 2(^{32}) = 2^3 = 8 distinct invariant almost complex structures.

Definition 2.1. A Tournament τ consists of a finite set T = {1, 2, . . . , n} of players together with a dominance relation that assigns to every pair a winner. Thus, if i, j ∈ T (i ≠ j), then either i → j or j → i. Let τ_1 and τ_2 be two tournaments. A map ϕ : T_1 → T_2 of their sets is called a homomorphism if i → j ⇔ ϕ(i) → ϕ(j) or ϕ(i) = ϕ(j). If ϕ is bijective, it is said to be an isomorphism from τ_1 to τ_2. We define the canonical tournament τ_n in the following way: i^{τn}−→ j ⇐⇒ i < j

We notice that there is a natural 1–1 correspondence between almost com-

plex structures J on F (n) and tournaments τ_j with n elements. More precisely,

if J(a_{ij}) = (a^′_{ij}), then τ_j is determined by i → j(i < j) ⇐⇒ a^′_{ij} = √ −1 a_{ij} j → i(i < j) ⇐⇒ a^′_{ij} = − √ −1 a_{ij} For example, if J is the invariant almost complex structure defined by

J 0 a_{12} a_{13} −a_{12} 0 a_{23} −a_{13} −a_{23} 0 = 0 √ −1 a_{12} − √ −1 a_{13} √ −1 a_{12} 0 √ −1 a_{23} − √ −1 a_{13} √ −1 a_{23} 0

then the associated tournament τ_j is

Theorem 2.1 (Burstall - Salamon [5]). There is a 1–1 correspondence between

invariant almost complex structures J on F (n) and n-dimensional tournaments

τ_J . Also,

J is integrable ⇔ τ_J is isomorphic to τ_n (canonical tournament)

⇔ τ_J does not contain 3-cycles,

where 3-cycles are closed paths of the form

We define the following left invariant metrics on F (n) (called Borel type

metrics [3]): ⟨A, B⟩ := ∑ i,j λ_{ij} ( ∑ λ_{ij} AE_iB^∗E_j),

Here Λ = (λ_{ij} ) is a symmetric matrix with λ_{ij} > 0, λ_{ii} = 0 and E_i = (c_{αβ}) with c_{ii} = 1 and c_{αβ} = 0 if p or q is different from i, and 1 ≤ i, j, α, β ≤ n.

We define the Kähler form as usual by Ω(A, B) = ⟨A, JB⟩_{ds}2_Λ. If dΩ = 0 we say that (F (n), J, ds^2_Λ) is almost Kähler. If J is integrable we call (F (n), J, ds^2_Λ) a Kähler manifold. In [23] the following theorem is proved:

Theorem 2.2. ([16]) If (F (n), J, ds^2_{Λ=(λij )}) is almost Kähler ⇔ it is a Kähler manifold.

The case λ_{ij} = 1∀1 ≤ i ≠ j ≤ n is called the Killing form metric or simply the Killing metric. It is known that (F (n), J, Killing metric) is not a Kähler manifold for n ≥ 3 (nevertheless, there are an infinite number of metrics such that (F (n), J, ds^2_Λ) is a Kähler manifold).

Definition 2.2. A map ϕ : (M, J_1, g) → (F (n), J, ds^2_Λ) is J-holomorphic if dϕ ∘ J_1 = J ∘ dϕ (i.e., ϕ satisfies the Cauchy-Riemann equations).

Lichnerowicz in [17] has proved a theorem showing that J-holomorphic maps are harmonic if g and ds^2_Λ are (1, 2)-symplectic, i.e. the (1, 2)-component of dΩ is zero, i.e. dΩ^{1,2} = 0. (Notice that a Kähler metric is always (1,2)-symplectic). These metrics appear naturally in the theory of twistors. We can give an alternative proof of the following theorem of Gray-Wolf [16]. We use only tournament theory.

Theorem 2.3. The Killing metric on F (n) is (1,2)-symplectic if and only if n ≤ 3.

Sketch of the Proof: Using moving frames and Cartan structural equations (see [18] for all the details) we can prove that the number of 3-cycles in τ_J is ( n 3 ) . However, this is impossible, because if n > 3, according to Gale’s inequality [15] the number of 3-cycles in τ_J is less than or equal to 1 24 (n^2 − n) if n is odd or 1 24 (n^3 − 4n) if n is even.

3. Harmonic maps on F (n). Eells-Wood’s maps

Let ϕ : M^2 → F (n) be a smooth map from a Riemannian surface M^2 and ~ϕ : M → U(n) it lift map, i.e. ϕ = Π ∘ ~ϕ where Π : U(n) → F (n) is the natural projection. Let e_1, . . . , e_n be the standard basis in C^n , i.e. e_j = (0, . . . , 1, . . . , 0)^t. We denote by Π_j : M → gl(n, C ) the matrix of the orthogonal projection onto E_j = {ae_j; a ∈ C } with respect to e_1, . . . , e_n. Then ϕ can be thought as ϕ = (Π_1, . . . , Π_n) : M^2 → F (n). Then Π_i^{∂Πj}_{∂z} := A^{ij}_z are the matrices associtated to the second fundamental forms A_{ji}, i.e. A^′_{ji}(e_1, ..., e_n) = (e_1, ..., e_n)A^{ij}_z i.e. A^′_{ij}(e_i) = e_jA^{ij}_z . According to Burstall [5], for V ∈ Γ(ϕ^∗T (F (n)) we set q = ϕ^∗β(V ) where ϕ^∗β : ϕ^∗T (F (n)) → M × u(n) is the pull-back of the Maurer- Cartan forms. We define a variation of ϕ by: ϕ_t(x) := Π(exp(−tq) ~ϕ). Denote associated objects by Π_j(t), A^{ij}_z (t), . . .

Then with respect to ds^2_{Λ=(λij )} the energy of ϕ_t is defined by:

E(ϕ_t) := ∫ M ∑ λ_{ij} |A^{ij}_z (t)|^2_{vg} . After some calculations (see [18] or [19] for details) we obtain the Euler- Lagrange equations for the energy functional:

Propostition 3.1. ϕ : (M, g) → (F (n), ds^2_Λ) is harmonic if and only if Re ( ∂ ∂z A^Λ_z ) = 0 ⇔ ∂ ∂x A^Λ_x + ∂ ∂y A^Λ_y = 0,

where A^Λ_x := ∑ λ_{ij} Π_i ∂Π_j ∂x , A^Λ_y := ∑ λ_{ij}Π_i ∂Π_j ∂y .

On the other hand, given a holomorphic and nondegenarate map h : M →

CP^{n−1} we can lift it locally in C^n , i.e., for every p ∈ M we can find a neighbor-

hood of p such that u : U → C^n satisfies h(z) = [(u_0(z), ..., u_{n−1}(z))].

Now we define the k-th associate curve of h (or u) denoted by O_k as: O_k : M → G_{k+1}(C^n ); z → u(z) ∧ u^′(z) ∧ ... ∧ u^{(k)}_{(z)} .

We can see that O_k is well defined. Hence, we consider h_k : M → CP^{n−1} as h_k(z) = O^⊥_k (z) ∩ O_{k+1}(z), 0 ≤ k ≤ n − 1. We have the following theorem due to Eells, Wood, Din, Zakarewski, Glaser and Stora.

Theorem 3.1. ([14]) For each k ∈ [0, n − 1] ∩ IN, h_k : M → CP^{n−1} is harmonic. Furthermore, given ϕ : (CP^1, g) → (CP^{n−1}, Fubini-Study metric) harmonic, then there are unique k and h like above such that ϕ = h_k.

Then this theorem above provides us with a natural set of maps ψ : M → F (n), namely: ψ(z) = (h_0(z), . . . , h_{n−1}(z)) for an arbitrary map h : M →

CP^{n−1} holomorphic and full (a map ϕ : M → CP^{n−1} is said to be full if ϕ(M)

is not contained in any proper subspace of C^n ). We call any arbitrary map in this collection an Eells-Wood’s map.

Definition 3.1. An arbitrary map ϕ : M^2 → F (n) is said to be equi-harmonic if ϕ : (M, g) → (F (n), ds^2_Λ) is harmonic for any left invariant Borel type metric ds^2_Λ.

Theorem 3.2. ([20]) If ψ = (h_0, ..., h_{n−1}) : M^2 → F (n) is an Eells-Wood’s map then ψ is equi-harmonic.

4. Equi-harmonic tori

In this section we extend Uhlenbeck’s separation of variables method as described in [24].

Definition 4.1. An f-structure on F (n) is a section F of End(T (F (n))) such that F^3 + F = 0. This concept is due to Yano.

The set of U(n)-invariant f-structures on F (n) is naturally identified with the set of T -equivariant (T = U(1) × · · · × U(1) n times

) endomorphisms F such that

F^3 + F = 0. Therefore, an U(n)-invariant almost complex structure J on F (n) results from a T -invariant f-structure.

We notice that an invariant almost complex structure J on F (n) is a special case of f-structure. Suppose that ϕ : R^2 → F (n) is defined by ϕ = Π ∘ ~ϕ, ~ϕ(x, y) = e^{Ax+By}, where A, B ∈ u(n), [A, B] = 0. Then ~ϕ(x, y) = e^{By} · e^{Ax} and ∂ ~ϕ ∂x = ~ϕA, ∂ ~ϕ^∗ ∂x = −A ~ϕ^∗. Therefore ∂Π_i ∂x = ∂ ∂x ( ~ϕE_i ~ϕ^∗) = ~ϕ[A, E_i] ~ϕ^∗. So, A^{ji}_x = Π_j ∂Π_i ∂x = ~ϕE_j[A, E_i] ~ϕ^∗ = ~ϕE_jAE_i ~ϕ^∗. Similarly we have X = 1 2 (A − √ −1 B). But ∂ ∂x (A^{ij}_x ) = ~ϕ[A, E_iAE_j] ~ϕ^∗ and ∂ ∂y (A^{ij}_y ) = ~ϕ[B, E_iBE_j] ~ϕ^∗. Using Proposition 3.1 we have:

Proposition 4.1. Suppose that ϕ : R^2 → F (n) above defined is doubly periodic. Then ϕ is harmonic with respect to ds^2_Λ if and only if [A, ∑ λ_{ij} E_iAE_j] + [B, ∑ λ_{ij} E_iBE_j] = 0.

We will construct a class of non-f-holomorphic tori for any f-structures on F (n) which are equi-harmonic, thus showing that the converse of Black’s theorem is not true.

Theorem 4.1. ([19] or [20]) Let α_1, . . . , α_k, β_1, . . . , β_k ∈ Q − {0} and X = ( 0 1 1 0 ) , A_j = ( α_jX 0 0 β_jX ) , B_j = ( β_jX 0 0 α_jX ) , j = 1, ..., k ≤ n 4 ,

A = √ −1 A_1 . . . 0 . . A_{k0} . . 0 . . . 0 . . . 0 and B =

B_1 . . . 0 . . B_{k0} . . 0 . . . 0 . . . 0 .

Then:

1) ϕ(x, y) = Πe^{(Ax+By)} has double periods; 2) ϕ : T^2 → F (n) is equi-harmonic;

3) ϕ is not f-holomorphic with respect to any f-structure F on F (n).

Sketch of the Proof: The proof is similar to the particular case discussed in [21] where the f-structure is in fact an almost complex structure; see [19] for more details.

5. Stability of Eells-Wood’s maps

Now we can compute the second variation of the energy; see [22] for the details of this long computation.

Proposition 5.1. Let ϕ = (Π_1, ..., Π_n) : (M^2, g) → (F (n), ds^2_{Λ=(λij )}) be a harmonic map. Then d^2 dt^2 E(ϕ_t)|_{t=0} = I^ϕ_Λ(q) = 4Re ∫ M ⟨qA^Λ_z , ∂q ∂z ⟩v_g + 2Re ∑ ij λ_{ij} ∫ M ⟨Π_i ∂q ∂z Π_j, ∂q ∂z ⟩v_g, where q : M^2 → u(n) is an arbitrary variation.

We will now prove a very useful proposition.

Definition 5.1. Λ^′ = (λ^′_{ij} ) is said to be a perturbation of Λ = (λ_{ij} ) associated

to a map ϕ = (Π_1, . . . , Π_n) : M^2 → F (n) when:

(i) λ^′_{ij} = λ_{ij} if (i, j) ≠ (i_1, j_1), (j_1, i_1), . . . , (i_r, j_r) and (j_r, i_r).

(ii) λ^′_{ik jk} = λ_{ikjk} + ϵ_k for 1 ≤ k ≤ r.

(iii) A^{i1j1}_z = A^{j1i1}_z = · · · = A^{irjr}_z = A^{jrir}_z = 0, where ds^2_Λ and ds^2_Λ0 are Borel

type metrics.

Proposition 5.2. Let ϕ : (M^2, g) → (F (n), ds^2_Λ) be an equi-harmonic map.

Then:

I^ϕ_Λ0 (q) = I^ϕ_Λ(q) + ∫ M ε_1 | | | | |Π_{i1} ∂q ∂z Π_{j1} | | | | | 2 + | | | | |Π_{j1} ∂q ∂z Π_{i1} | | | | | 2 + · · · + 2ε_r (| | |Π_{ir}^{∂q}_{∂z} Π_{jr} | | |^2 + | | |Π_{jr}^{∂q}_{∂z} Π_{ir} | | |^2 )} v_g where Λ^′ is a perturbed Λ-matrix associated to ϕ.

Proof: I^ϕ_Λ0 (q) = 2Re {∫ M^2 ∑ λ^′_{ij} |Π_i ∂q ∂z Π_j|^2v_g } +2Re {∫ M ⟨[A^{Λ0}_z , q], ∂q ∂z ⟩v_g } . But

we notice that A^{Λ0}_z = A^Λ_z since A^{i1j1}_z = · · · = A^{jrir}_z = 0; therefore:

I^ϕ_Λ0 (q) = 2 r∑ k=1 ε_k ∫ M^2 ⟨Π_{ik} ∂q ∂z Π_{jk} + Π_{jk} ∂q ∂z Π_{ik} , ∂q ∂z ⟩v_g+ +2Re {∫ M ⟨ ∑ λ_{ij} Π_i ∂q ∂z Π_j + [A^Λ_z , q], ∂q ∂z ⟩v_g } =

= I^ϕ_Λ(q) + 2 ∫ M r∑ k=1 ε_k | | | | |Π_{ik} ∂q ∂z Π_{jk} | | | | | 2 + | | | | |Π_{jk} ∂q ∂z Π_{ik} | | | | | 2 v_g

Theorem 5.1. Let Ψ = (h_0, ..., h_{n−1}) : (M^2, g) → (F (n), ds^2_Λ0 ) be an Eells-

Wood map where Λ^′ is the perturbed Λ-matrix associated to ψ; ε_1, ε_2, . . . , ε_r are non-negative real numbers and I^ψ_Λ (q) ≥ 0 for any variation q. Then ψ is stable.

Proof:

I^ψ_Λ0 (q) = I^ψ_Λ (q) + 2 ∫ M ε_1 | | | |Π_1 ∂q ∂z Π_3 | | | | 2 + | | | |Π_3 ∂q ∂z Π_1 | | | | 2 + · · · + +ε_r (| |Π_1^{∂q}_{∂z} Π_n | |^2 + | |Π_n^{∂q}_{∂z} Π_1 | |^2 )} v_g ≥ 0. Borel in [3] described precisely the set of invariant Kähler metrics on F (n),

which are, up to permutation, given by:

Λ =

0 λ_1 λ_1 + λ_2 . . . λ_1 + . . . + λ_{n−1} 0 λ_2 λ_2 + λ_3... 0 ∗ ∗ ∗ 0 λ_{n−1} 0 Therefore, associating Lichnerowicz’s theorem [17] with theorem 5.1 we will

see that the perturbation Λ^′ of a Kähler metric produces unstable Eells-Wood’s

maps ψ : (M^2, g) → (F (n), ds^2_Λ0 ). In fact, consider now Λ^′ = (λ^′_{ij} ) the follow-

ing perturbation of Λ = (Λ_{ij}): λ^′_{12} = λ_{12}, λ^′_{23} = λ_{23}, . . . , λ^′_{(n−1)n} = λ_{(n−1)n},

λ_{13} = λ_{12} + λ_{23} − ε_1 = λ_1 + λ_2 − ε_1, . . . , λ^′_{1n} = λ_{12} + . . . + λ_{(n−1)n} − ε_ℓ =

λ_1 + ... + λ_{n−1} − ε_ℓ. We recall that the Lichnerowicz theorem may be seen as

stating that I^Ψ_Λ (q) ≥ 0 if ds^2_Λ is a Kähler metric. According to [20] we can prove:

Theorem 5.2. Let ψ : (M^2, g) → (F (n), ds^2_Λ0 ) be a full Eells-Wood’s map

where Λ^′ is the perturbation of Λ right above defined. Then ψ is not stable.

Corollary 5.1. ([20]) Let ψ = (h_0, ..., h_{n−1}) : M^2 → F (n) be a full Eells-

Wood’s map, where F (n) is equipped with the Killing form metric. Then ψ is

not stable.

Proof: Just apply theorem 5.2 for λ_{12} = . . . = λ_{(n−1)n} = 1, ε_1 = 1, . . . ,

ε_ℓ = n − 2.

Acknowledgements: The first author wishes to thank IMECC-UNICAMP for their hospitality. The second author wants to express his sincere gratitude to Professor Karen Uhlenbeck for her imense support throughout these years. Both authors thank the referee for the very helpful comments. We also thank Marlio Paredes and José Emílio Maiorino for the enormous help in preparing this manuscript.

References

[1] Barbosa, J. L., On minimal immersions of S^2 into S^{2n} , Trans. A. M. S.

210, (1975), 75-106.

[2] Black, M., Harmonic maps into homogeneous spaces, Pitman Res. Notes Math. Ser. #255, Longman, Harlow (1991).

[3] Borel, A., Kählerian coset spaces of semi-simple Lie groups, Proc. Nat.

Acad. of Sci. USA, 469, (1954), 1147-1151.

[4] Borel, A. and Hirzebruch, F. Characteristic classes and homogeneous spaces - I, Amer. J. Math. 80, (1958), 458-538.

[5] Burstall, F., Harmonic tori in spheres and complex projective spaces, J.

Reine Angew. Math. 469, (1995), 149-177.

[6] Burstall, F. and Salamon, S., Tournaments, flags and harmonic maps, Math. Ann. 277, (1987), 249-265.

[7] Burstall, F. and Wood, J., The construction of harmonic maps into complex Grassmannians, J. Diff. Geom. 23, (1986), 255-297.

[8] Calabi, E., Minimal immersions of surfaces in Euclidean spheres, J. Diff.

Geom. 1, (1967), 111-125.

[9] Chern, S. S., Minimal surfaces in a Euclidean space of N dimensions, in Differential and Combinatorial Topology, Symp. in Honor of Marston Morse, Princeton Univ. Press, (1965), 187-198.

[10] Chern, S. S., do Carmo, M. and Kobayashi, S., Minimal submanifolds of a sphere with second fundamental form of constant length, in Funct. Anal. Related Topics, Symp. in Honor of Marshall Stone, (1970), 59-75.

[11] Chern, S. S. and Wolfson, J., Harmonic maps of the two-sphere into a complex Grassmann manifold, II, Ann. of Math. 125, (1987), 301-335.

[12] do Carmo, M. and Wallach, N., Minimal immersions of spheres into spheres, Ann. of Math. 93, (1971), 43-62.

[13] Eells, J. and Sampson, J., Harmonic mappings of Riemannian manifolds, Amer. J. Math. 86, (1964), 106-160.

[14] Eells, J. and Wood, J. Harmonic maps from surfaces to complex projective spaces, Adv. in Math. 49, (1983), 217-263.

[15] Gale, D., On the number of faces of a convex polygon, Canad. J. Math.

16, (1964), 12-17.

[16] Gray, A. and Wolf, J., Homogeneous spaces defined by Lie groups automorphisms, II, J. Diff. Geom. 2, (1968), 115-159.

[17] Lichnerowicz, A., Applications harmoniques et variétés kahlériennes, Symp.

Math. III, Univ. Bologna, (1970), 341-402.

[18] Mo, X. and Negreiros, C., (1,2)-Symplectic structures on flag manifolds, to appear in Tohoku Mathematical Journal.

[19] Mo, X. and Negreiros, C., Equiharmonic tori in flag manifolds, IMECC- UNICAMP, RP 53/99, August 1999.

[20] Negreiros, C., Harmonic maps from compact Riemann surfaces into flag manifolds, Indiana Univ. Math. Journ. 37, (1988), 617-636.

[21] Negreiros, C., Equivariant harmonic maps into homogeneous spaces, Journ.

Math. Phys. 31(7), (1990), 1636-1643.

[22] Negreiros, C., On the stability of Frenet frames of holomorphic maps, IMECC-UNICAMP, preprint, February 1999.

[23] Salamon, S., Harmonic and holomorphic maps, Sem. Geom. L. Bianchi, Lecture Notes in Math. 1164, (1985), 161-224.

[24] Uhlenbeck, K. K., Equivariant harmonic maps into spheres, Lect. Notes in Math. 949 (1981).

[25] Uhlenbeck, K. K., Harmonic maps into Lie groups (Classical solutions of the Chiral model), J. of Diff. Geom. 30, (1989), 1-50.

School Mathematical Sciences IMECC - UNICAMP Peking University Caixa Postal 6065 Beijing 100871 13083-970, Campinas, S.P. Brazil People’s Republic of China E-mail: mxh@sxxo.math.pku.edu.cn E-mail: caione@ime.unicamp.br