GENERALIZED HELICES, TWISTINGS AND FLATTENINGS OF CURVES IN n-SPACE

M.C. Romero-Fuster E. Sanabria-Codesal^�

Abstract We define the concept of twisting of a n-space curve as flattening point of its tangent indicatrix and show that this is equivalent to having higher order of contact with some generalized helix. We prove that generic closed curves in R^3 have at least two twistings, or at least four under some appropiate geometric conditions. We also provide lower bounds for the number of twistings on some classes of closed curves embedded in odd dimensional spaces.

1. Introduction

By a flattening of a n-space curve is meant a point at which the osculating hyperplane has contact of order at least n + 1 with the given curve. In the case of 3-space, these are the well known torsion-zero points. We can say that at these points the curve is closer to be a plane curve. The minimum number of such points on a closed space curve has been a classical object of study. Several examples of curves with nowhere vanishing torsion may be found among the (q, p) curves on the standard torus whose equations in polar coordinates are r = a + cos(nθ), z = sin(nθ), where n = p/q and a is the proportion between the radii of the torus. Such a curve winds q times in the horizontal and p times in the vertical sense around the torus. It was shown in [3] that the (q, p) curve has nonvanishing torsion if and only if we have n^2 > 1 and (2n^2 + 1)/(n^2 − 1) < a < n^2 + 1. Moreover, curves with never vanishing torsion and curvature must enter twice inside its convex envelope, as proven in [4].

�Work of both authors is partially supported by DGCYT grant no. PB96-0785.

On the other hand, curves with never vanishing curvature lying on the boundary of their convex envelopes always have at least four torsion zero points (see [11] for a proof in the generic case, or [13] in the general case). Analogous results for closed curves in higher dimensional spaces under some convexity conditions (which appear to be more restrictive than the above one in the three-dimensional case) are due to M. Barner [2] and V. I. Arnol’d [1].

We introduce in this paper the concept of twisting of a n-space curve as flattenings of its tangent indicatrix. We show that this points correspond to points where the curve has higher contact with some (generalized) helix, so the curve appears to “twist in a somehow regular manner” at them. We get the following results for n = 3 :

1) Any closed curve in R^3 has at least two twisting points.

2) Any closed curve in R^3 with nonvanishing curvature and no parallel tangents with the same orientation has at least four twistings.

3) Any closed curve in R^3 with nonvanishing torsion and no parallel osculating planes with the same orientation has at least four twistings.

In the attempt to extend these results to curves in higher dimensional spaces we give a definition generalizing the concept of helix in 3-space (section 1). We then see that at each point of a given curve in R^n there are some generalized helices having contact of order at least n with the curve and that the point is a twisting when this contact can be taken to be of order n + 1.

We conjecture that:

Generic closed curves in odd dimensional spaces must have at least two twistings.

Finally, we discuss the possibility of applying the existing results on flattenings of curves in higher dimensional spaces to obtain higher lower bounds for the number of twistings of closed curves in n-space.

2. Generalized helices in Rn

We define a generalized helix as a curve α : R −→ R^n such that its tangent vector forms a constant angle with a given direction v at R^n.

It is not difficult to see that this is equivalent to asking that the tangent indicatrix of α, α_T : R −→ S^{n−1} → R^n is contained in a (n − 2)-sphere in S^{n−1}. In particular, we have that this (n − 2)-sphere is of maximum radius (or an “equator”) if and only if α is a (n − 1)-flat curve, in the sense that it lies in a hyperplane of R^n (orthogonal to the direction v). So (n − 1)-flat curves can be regarded as a particular case of generalized helix in R^n.

Proposition. A curve α : R −→ R^n is a generalized helix if and only if the function det(α^{′′}(t), α^{′′′}(t), ..., α^{(n+1)}(t)) is identically zero, where α^{(i)} represents the ith derivative of α with respect to its arc-length.

Proof: It follows from the above definition that α is a generalized helix if and only if α_T is a (n − 1)-flat curve. Consider the Frenet frame of α_T as a curve

in R^n and the corresponding curvature functions k^T_1 (t), ..., k^T_{n−1}(t) (see [5]). We

have that α_T is (n − 1)-flat ⇔ k^T_{n−1}(t) = 0 ∀t.

And now an easy exercise in vector calculus shows that k^T_{n−1}(t) = 0 ⇔ det(α_T^′(t), α_T^{′′}(t), ..., α_T^{(n)}(t)) = 0. The result then follows from observing that α_T^′(t) = α^{′′}(t). 2 Remark: In the particular case of n = 3, we have that the above conditions are equivalent to the familiar definition of helix : a curve for which the rational function^τ_k is constant, where k and τ denote respectively the curvature and torsion of the considered curve (see [15]).

For instance, curves with constant curvature and torsion form a particular class of helices. It is a straightforward (but tedious!) exercise to see that for n odd the curves having all their curvature functions constant satisfy our definition. It can also be seen that this is not the case for even dimensional spaces.

3. Special contacts of a curve: flattenings and twistings

Suppose that X_1 and X_2 are submanifolds with a common point P in R^n. It is classically known that X_2 has a contact of order k with X_1 at P if given some point Q in X_1 we have that lim_{Q→P} QB P Q^r = (_{0 if r = 1, 2, ..., k}

finite and ≠ 0 for r = k + 1.

where QB represents the distance of Q to the manifold X_2 and P Q the distance between the points P and Q in X_1.

Given two pairs of submanifolds (X_1, X_2) and (X^′_1, X^′_2) in R^n the contact of X_1 with X_2 at a common point P is said to be the same than the contact of X^′_1 with X^′_2 at P^′ if and only if there exist a diffeomorphism

H : R^n −→ R^n taking X1, X2 and P respectively to X^′_1, X^′_2 and P^′. Clearly this

is an equivalence relation between pairs of submanifolds of R^n.

For a pair of submanifolds X_1 and X_2 with a common point P, it is always possible to find local coordinates for R^n in a neighbourhood of P such that X_1 is locally given as the image of some embedding g : (R^m, 0) −→ (R^n, P ) and X_2 = f^{−1}(0), for some submersion f : (R^n, P ) −→ (R^p, 0). The composite map f ∘ g : (R^m, 0) −→ (R^p, 0) is known as the contact map for X_1 and X_2 at P.

J. Montaldi [9] proved that the singularity type ( K-class) of the map f ∘g at 0 completely characterizes the contact of X_1 and X_2 at P and that this actually independs of the choice of the maps g and f.

If the first submanifold is a curve, given by α : R −→ R^n, and X is cut out by f : (R^n, P ) −→ (R^p, 0) at P (i. e., X = f^{−1}(0) in a neighbourhood of P ) then it is not difficult to show that both of them have contact of order k at P if and only if dh(0) = ... = d^k h(0) = 0 and d^{k+1}h(0) ≠ 0, where h = f ∘ α : (R, 0) −→ (R^p, 0) is the contact map for α and X at P.

From the classification of singularities of maps from to R to R^p it follows that whenever X_1 and X_2 have contact of order k at P it is possible to find coordinates for R and R^p such that the corresponding contact map is written as h(t) = (t^{k+1}, 0, ..., 0), see [10] for instance. In particular, if X_2 is a hypersurface we shall have that the contact map h : (R, 0) −→ (R, 0) can be put as h(t) = t^{k+1} by means of such changes of variables.

Suppose now that α : R −→ R^n is a curve and H a hyperplane defined by the equation < v, x > +ρ = 0, with v = (v_1, ..., v_n) ∈ S^{n−1} as orthogonal direction and ρ a positive real number, i.e., the distance of H to the origin. So H is cut out by the function f(x_1, ..., x_n) = v_1.x_1 + ... + v_n.x_n + ρ. If H is tangent to α at a point t_0, we have that the vector v must be normal to the curve α at t_0 and that ρ = α(t_0).v. Moreover, it is straightforward to verify that H is the osculating hyperplane of α at t_0 if and only if α has contact of order at least n − 1 with H at α(t_0).

We shall say that t_0 is a flattening of α if the contact of α with the osculating hyperplane at t_0 is of order at least n. Lemma. A point t_0 is a flattening of α if and only if det(α^′(t_0), α^{′′}(t_0), ..., α^{(n)}(t_0)) = 0, where α^{(i)} represents the ith derivative of α with respect to its arc-length.

Proof: Write f(t) = α(t).b, where b is the binormal vector of α at t_0 (that is, b = N_{n−1}(t_0) in the standard notation of the Frenet frame [5] of α).

We have that t_0 is a flattening of α if and only if f^′(t_0) = f^{′′}(t_0) = ... = f^{(n)}(t_0) = 0.

That is, α^′(t_0).b = ... = α^{(n)}(t_0).b = 0, which is equivalent to asking that all the vectors α^′(t_0), ..., α^{(n)}(t_0) belong to the osculating hyperplane, and hence det(α^′(t_0), ..., α^{(n)}(t_0)) = 0. 2 Remark: As in the case of curves in 3-space, it can be seen that if α is a curve for which the first n−2 derivatives are linearly independent at each point, t_0 is a flattening of α if and only if k_{n−1}(t_0) = 0, where k_{n−1} is the (n − 1)th curvature function of α.

All the curves that we consider in what follows will have this property. It is possible to show that all these curves form an open and dense subset of the set of embeddings of R in R^n with the Whitney C^∞-topology. In this sense, we say that they are generic.

A hypersphere of R^n whose contact with α at t_0 is of order at least n is called osculating hypersphere of α at t_0.

A conformal flattening or vertex of α is a point at which α has contact of order at least n + 1 with its osculating hypersphere.

Let {T (t), N_1(t), ..., N_{n−1}(t)} be the Frenet frame of the curve α. The (i+1)- subspace generated by {T (t), N_1(t), ..., N_i(t)} shall be called osculating (i + 1)-subspace of α at t and its intersection with the osculating hypersphere, osculating i-sphere of α at t. It is not difficult to see that the osculating (i + 1)-subspace of α at t is also generated by the vectors {α^′(t), ..., α^{(i+1)}(t)}.

It can also be shown that the curve α has contact of orden at least k with its osculating (k − 1)-spheres at each point.

In the particular case that X_1 and X_2 are a couple of curves, having contact of orden k at the point t_0, the definition of contact is equivalent ( see [8]) to the existence of parametrizations α : I −→ R^n and β : J −→ R^n such that α(t_0) = β(t_0) = P, for some t_0 ∈ I ∩ J, and α^{(i)}(t_0) = β^{(i)}(t_0), i = 1, . . . , k, α^{(r+1)}(t_0) ≠ β^{(k+1)}(t_0).

It is easy to deduce that if α and β have contact of order k at t_0 then their osculating i-spaces at t_0 coincide for i = 1, ..., k, as well as the value of their curvature functions k_i, i = 1, ..., k − 1 at the point t_0. The reciprocal is not necessarily true as we can guess from a quick glance to the expression of the derivatives α^{(i)} and β^{(i)} in terms of the Frenet frames and the curvature functions and their derivatives.

It follows from the definition of order of contact that given a curve α and a submanifold X in R^n, if there exists some curve β in X whose contact with α is of order k at P, then the contact of α with X at P is of order at least k. Moreover, we have the following:

Lemma. If α has contact of order k with some m-dimensional submanifold X at P then exists some curve β passing through P in X such that α and β have contact of orden k.

Proof: If α has contact of order k with X at P, we can locally write the contact map as h = f ∘ α : (R, 0) −→ (R^{n−m}, 0) for some f : (R^n, P ) −→ (R^{n−m}, 0). Then as we have previously said, convenient changes of variables allow us to put h(t) = (t^{k+1}, 0, ..., 0) in a neighbourhood of 0. But then it us possible to restrict ourselves to some curve β lying on X (determined up to (k + 1)-jet) in such a way that the new contact function (of α with β) is given by ĥ : (R, 0) −→ (Rn−1, 0) t −→ (t^{k+1}, 0, ..., 0) and hence α and β must have contact of order k. 2 We define a twisting of α : R −→ R^n as a flattenings of its tangent indicatrix α_T : R −→ S^{n−1}. It follows that if α is parametrized by its arc-length t, then t_0 is a twisting of α if and only if det(α^{′′}(t_0), ..., α^{(n+1)}(t_0)) = 0.

We shall see now that the twistings of α can also be characterized as points at which it has higher order of contact with some generalized helix.

Proposition. Given a curve α(t) parametrized by arc-length in R^n, there exists for each point α(t_0) = P of this curve some generalized helix γ_p(t) whose contact with α at P is of order at least n. Moreover, if t_0 is a flattening point of α_T then we have that γ_P has order of contact at least n + 1 with α at P.

Proof: Given α : R −→ R^n parametrized by arc-length, let α_T (t) = α^′(t) denote its tangent indicatrix.

Consider now, the osculating hyperplane H of α_T at t_0. The intersection of H with the unit sphere S^{n−1} determines a (n − 2)-sphere S which is the osculating (n − 2)-sphere of α_T at t_0.

Since α_T has contact of order at least n − 1 with S at P, the above lemma tells us that there must be some curve β contained in S whose contact with α_T is of order at least n − 1. Then β is the tangent indicatrix of some helix γ_P : R −→ R^n, and clearly α and γ_P have contact of order at least n at t_0. If t_0 is a flattening of α_T , then this curve has contact of order at least n with S (see [16]) and therefore α has contact at least n + 1 with γ_P at t_0. 2 Remark: The above construction tells us that the helix γ_P is not unique. In fact, the curve β itself is only determined up to its (n − 1)-th order derivatives, moreover given β there is a whole family of curves in R^n having β as its tangent indicatrix.

We also observe that the existence of some helix γ with order of contact at least n + 1 with α at t_0 implies that α_T and γ_T have contact of order at least n. But since γ_T lies in some (n − 2)-sphere S this means that this must be the osculating (n − 2)-sphere of α_T . Consequently α_T has contact of order at least n with its osculating hyperplane and the point is a flattening of α_T . Therefore, we can assert

Corollary. A point t_0 is a twisting of a curve α if and only if there exists some generalized helix whose order of contact with α at t_0 is at least n + 1.

4. Global results for closed curves in R^3

We observe first that torsion-zero points of both the tangent indicatrix and the binormal indicatrix of a 3-space curve α are characterized by the property

τ^′(t_0)k(t_0) − τ (t_0)k^′(t_0) = 0,

where k and τ respectively denote the curvature and torsion function of α (see [15, pgs. 71-72]). Therefore, we can say: Given α : R −→ R^3, any critical point of the function^τ_k is a twisting of α.

From this we get immediately

Theorem. Any closed curve with non vanishing curvature in R^3 has at least two twisting.

Since non vanishing of the curvature is a generic condition in the sense that it is satisfied by an open and dense set of curves in the Whitney C^∞-topology, we get that any generic closed curve has at least two twisting.

Consider now the tangent indicatrix α_T of α. This is a regularly embedded curve in S^2 provided that the curvature of α does not vanish and that α does not have pairs of parallel tangents with the same orientation. If we observe now that stereographic projection from S^2 − {p} −→ R^2 sends torsion-zero points of spherical curves into vertices of its plane images, we shall obtain as, an immediate consequence of the 4-vertex theorem for plane curves, the following result

Theorem. Any closed curve with non vanishing curvature and no pair of parallel tangents with the same orientation in R^3 has at least four twisting.

Remark: With the above assumptions B. Segre proved [14] that the curve must also have at least four flattenings. We observe that for a generic curve the sets of flattenings and twistings must be disjoint. For otherwise, it would have points satisfying τ (t) = τ^′(t) = 0 which is non generic, in the sense that this is non stable under small perturbations of the curve in the Whitney C^∞-topology.

By applying now similar arguments to the binormal indicatrix of a closed curve, we obtain

Theorem. Any closed curve with non vanishing torsion and no pair of osculating planes with the same orientation in R^3 has at least four twisting.

A particularly interesting class of closed space curves with never vanishing torsion is given by the elasticae [6]. These are defined as critical points of the energy functional F (γ) = R_γ k^2(t)dt among all the curves of the same length and first order boundary data.

A necessary condition, arising from the Euler equation, for a curve to be an elastica is that its curvature k and torsion τ satisfy k^2τ = constant (see [7]).

Therefore 2kk^′τ + k^2τ^′ = 0 and thus we get the following

Corollary. In an elastic curve with never vanishing curvature in R^3, the twistings are also critical points of the torsion. Moreover, if such curve has no parallel binormals with the same orientation them it has at least four of these points.

Remark: We observe that although generically twistings and singular points of the torsion do not coincide, this situation is “stable” in the set of elastic curves in the sense that it will not be destroyed by a perturbation of the curve inside this subset.

5. Global viewpoint for closed curves in higher dimensional spaces

First of all, we observe that given any curve γ in R^{n−1} the inverse of the stereographic projection ξ : R^{n−1} −→ S^{n−1}, transforms the vertices of γ into the flattenings of its spherical image α = ξ ∘ γ considered as a curve in n-dimensional space [12].

Now if we start with a closed curve α in R^n and consider its tangent indicatrix α_T ⊂ S^{n−1}, the number of twisting of α will be equal to that of vertices of γ = ξ^{−1} ∘ α_T . Consequently, we have that any lower bound for the number of vertices of any class of regular closed embedded curves in R^{n−1} will be a lower bound for the number of twistings in the corresponding class of closed curves with non vanishing first curvature and no pairs of parallel tangents in R^n.

An interesting question now consist in investigating whether the fact that closed curves in R^3 have at least two twistings generalizes to R^n.

The answer is that this is not the case for even dimensional spaces, as the following counterexample, passed to us by R. Uribe, shows:

The closed spherical curve γ : [0, 2π] −→ R^4, given by γ(t) = 1 √ 5 (cost, −sint, cos2t, sin2t) has as tangent indicatrix the spherical curve

γ^′(t) = 1 √ 5 (−sint, cost, −2sin2t, 2cos2t). An easy verification tells us that the curve γ^′ has no flattenings in R^4 and thus γ has no twistings. In fact, R. Uribe proves [17] that it is always possible to find closed curve with no twistings in even dimensional spaces.

Now, based in the case of R^3 and in the fact that the parity of n is fundamental for the questions of existence and no existence of flattening and vertices, we formulate here the following conjecture:

Conjecture: Generic closed curves in odd dimensional spaces have at least two twistings.

Finally, we see that appropriate convexity conditions can rise the lower bound of the twistings of closed curves in odd-dimensional spaces.

A closed curve α in R^n is said to be convex if any hyperplane of R^n meets α in at most n points with the multiplicities counted.

Theorem (V. I. Arnol’d [1]). A curve in R^{2k+1} whose image through some projection R^{2k+1} −→ R^{2k} is convex has at least 2k + 2 flattening points.

Based on Arnol’d’s result R. Uribe has proven the following

Theorem. ([16]) Any closed convex curve in R^{2k} has at least 2k + 2 vertices.

And then, from the above arguments we deduce

Theorem. Any closed curve in R^{2k+1} with non vanishing first curvature and no pairs of parallel tangents, whose tangent indicatrix does not meet any hypercircle of S^{2k} in more than 2k points (counting their multiplicities) has at least 2k + 2 twisting.

We end up by remarking that it would be interesting to determine sufficient conditions on α implying convexity of its tangent indicatrix in the above sense.

Acknowledgements: We thank R. Uribe for helpful conversations and useful remarks.

References

[1] Arnol’d, V. I., On the Number of Flattening Points on Space Curves, Amer.

Math. Soc. Transl. (2) 171 (1996), 11-22.

[2] Barner, M., DCber die Mindestanzahl stationarer Schmiegebenen beigeschlossenen strengkonvexen Raumkurven, Abh. Math. Sem. univ. Hamburg 20 (1956), 196-215.

[3] Costa, S. I. R., On closed twisted curves, Proc. Amer. Math. Soc. 109 (1990), 205-214.

[4] Costa, S. I. R. Romero-Fuster, M. C., Nowhere Vanishing Torsion Closed Curves Always Hide Twice, Geometriae Dedicata 66 (1997), 1-14.

[5] Klingenberg, W., A course in Differential Geometry, Springer Verlag. (1978).

[6] Langer, J. and Singer, D. A., Knotted elastic curves in R^3, London Math.

Soc. (2) 30 (1984), 512-520.

[7] Langer, J. and Singer, D. A., The total squared curvature of closed curves, J. Diff. Geom. 20 (1984), 1-22.

[8] Lopez de la Rica, A. and De la Villa Cuenca, Geometría Diferencial, Editorial Glag S.A., Madrid (1991).

[9] Montaldi, J. A., On contact between submanifolds, Michigan Math. J. 33, (1986), 195-199.

[10] Montaldi. J. A., Contact, with applications to submanifolds of R^n, Thesis, University of Liverpool (1983).

[11] Romero-Fuster, M. C., Convexly-generic curves in R^3, Geometriae Dedicata 28 (1988), 7-29.

[12] Romero -Fuster, M. C., Stereographic projections an geometric singularities, Matemática Comtemporânea. 12 (1997), 167-182.

[13] Sedykh, V. D., The theorem about four vertices of a convex space curve, Funktsional Anal. i Prilozhen 26 (1992), 35-41. English transl. in Functional Anal. Appl. 26 (1992), 28-32.

[14] Segre, R., Alcune proprietá differenziali delle curve chiuse sghembe, Rend.

Mat. 6 (1) (1968),237-297.

[15] Tenenblat, K., Introdução à Geometria Diferencial, Editora Universidade de Brasilia. (1988).

[16] Uribe Vargas, R., On the higher dimensional four-vertex theorem, C. R.

Acad. Sci. Paris, 321, Série I (1995), 1353-1358.

[17] Uribe Vargas, R., Thèse Université Paris 7. To appear.

Departament de Geometria i Topologia, Universitat de València (SPAIN) e-mail: romeromc@post.uv.es and sanabria@post.uv.es