BOUNDARY BEHAVIOUR AND INTEGRABILITY OF LARGE SOLUTIONS TO p-LAPLACE EQUATIONS

Ahmed Mohammed Giovanni Porru^∗

Abstract

Consider the problem div ( |∇u|^{p−2}∇u ) = f(u) in D, u → ∞ as x → ∂D, where D ⊂ R^N is a bounded smooth domain, p > 1, and f : [0, ∞) → [0, ∞) is increasing and satisfies suitable growth conditions. First we prove a boundary behaviour result of the solution u(x) in a general domains D. Next we discuss the integrability of u(x) in D according to the growth of f.

1. Introduction

Let D ⊂ R^N be a bounded smooth domain. We investigate the following problem div ( |∇u|^{p−2}∇u ) = f(u) in D, u → ∞ as x → ∂D, (1.1) where p > 1, and f : [0, ∞) → [0, ∞) is increasing and satisfying f(0) = 0. It is known [8,13] that a necessary and sufficient condition for the existence of a solution to problem (1.1) is that f(t) satisfies the generalized Osserman condition ∫_∞ 1 ds F (s)^{1/p} < ∞, F (s) = ∫_s 0 f(t)dt. (1.2) Note that if condition (1.2) holds then the function ψ(t) = ∫_∞ t ds (qF (s))^{1/p} , q = p/(p − 1) (1.3) ∗Partially supported by a research grant from Regione autonoma della Sardegna.

AMS Subject Classification: Primary 34C11, Secondary 34B15. Key words and frases: Large solutions, p-Laplace equations, Boundary behaviour.

is well defined, decreasing and convex.

For p = 2 problem (1.1) has been widely studied, see [3,4,9,10,12] and the references therein. For general p and D convex we refer to [8,13].

In section 2 of this paper we shall find a precise estimate near the boundary ∂D for a solution u(x) to problem (1.1), extending a result from [8] where D was assumed to be convex. In section 3 we study the integrability of u(x) according to the growth of f.

2. Boundary estimate

We shall make use of the following Lemma.

Lemma 2.1. Let g(s) ∈ L^1(R, ρ), g(s) > 0, k(s) → ∞ as s → R^+, k^′(s) ≤ 0. We have lim_{r→R+} ∫_ρ r g(s)k(s)ds k(r) = 0. (2.1)

Proof. Arguing as in the proof of Lemma 2.1 of [10] we have, for ϵ > 0, ∫_ρ r g(s)k(s)ds k(r) = ∫_{r+ϵ} r g(s)k(s)ds k(r) + ∫_ρ r+ϵ g(s)k(s)ds k(r) ≤ ∫_{r+ϵ} r g(s)ds + ∫_ρ R+ϵ g(s)k(s)ds k(r) . The result follows easily.

We also need the following result proved in [8].

Lemma 2.2. If condition (1.2) holds for some p > 1 then we have lim_{t→∞} F (t)^{p−1p} f(t) = 0, (2.2)

lim_{t→∞} t^p F (t) = 0, (2.3) lim_{t→∞} t^{p−1} f(t) = 0. (2.4)

Let D be a ball centered at the origin and of radius R and let condition (1.2) hold. A radially symmetric solution to problem (1.1) is a function v(r) satisfying ( r^{N−1}|v^′|^{p−2}v^′ )_′ = r^{N−1}f(v), v^′(0) = 0, v(r) → ∞ as r → R^−. (2.5)

One can prove that a solution to problem (2.5) is increasing and convex in (0, R). See [8] and the references therein.

Let q = p/(p − 1). Define

Γ(t) := 1 F (t) ∫_t 0 ( qF (τ) ) 1_q dτ, (2.6) where F is the integral function introdued in (1.2). By using (2.2) or (2.3) we find that Γ(t) → 0 as t → ∞.

Lemma 2.3. Assume condition (1.2) and let F (t)t^{−p} be increasing for large t. If v(r) is a solution to problem (2.5) then there is a constant β > 0 such that v(r) < ϕ(R − r) + (R − r)βϕ(R − r), (2.7) where ϕ is the inverse of the function ψ defined in (1.3). Proof: We refer to Lemma 2.2 and Lemma 2.3 of [8].

To prove the next Lemma we make the following further assumption (see [4]). There exists a constant K such that for all δ > 0 we have ϕ^′(δ) ϕ^′(2δ) ≤ K. (2.8) Now let D be an annulus centered at the origin with radii R and R^′, R < R^′. A radially symmetric solution to problem (1.1) is a function z(r) satisfying ( r^{N−1}|z^′|^{p−2}z^′ )_′ = r^{N−1}f(z), z^′(ρ) = 0, z(r) → ∞ as r → R^+, (2.9)

for some ρ with R < ρ < R^′.

Lemma 2.4. Assume conditions (1.2) and (2.8) and let F (t)t^{−p} be increasing for large t. If z(r) is a solution to problem (2.9) then there is a constant β > 0 such that z(r) > ϕ(r − R) − (r − R)βϕ(r − R). (2.10)

Proof: By (2.9) one finds easily that z^′(r) < 0 for R < r < ρ. Hence, in this interval we have − ( r^{N−1}(−z^′)^{p−1} )_′ = r^{N−1}f(z), or (p − 1)(−z^′)^{p−2}z^{′′} − N − 1 r (−z^′)^{p−1} = f(z). Note that the last equation implies z^{′′}(r) > 0. Multiplying by −z^′ and integrating over (r, ρ) we find p − 1 p (−z^′)^p − (N − 1) ∫_ρ r 1 s (−z^′(s))^pds = F (z) − F (λ), λ = z(ρ). (2.11) By Lemma 2.1 with k(s) = (−z^′(s))^p, we get lim_{r→R+} ∫_ρ r 1 s (−z^′(s))^pds (−z^′(r))^p = 0.

Hence, by (2.11) we have (−z^′)^p ≤ c_1qF (z), q = p/(p − 1). Here and in the sequel we denote by c_i suitable positive constants. We may rewrite the latter inequality as

(−z^′)^{p−1} ≤ c_2 ( qF (z) )_{1/q} . Using (2.11) together with the last estimate we find (−z^′)^p qF (z) ≤ 1 + N − 1 R ∫_{z(r)} λ (−z^′(τ))^{p−1}dτ F (z)

≤ 1 + c_3 ∫_{z(r)} 0 ( qF (τ) )_{1/q} dτ F (z) = 1 + c_3Γ(z(r)).

As a consequence, −z^′ ( qF (z) )_{1/p} ≤ 1 + c3Γ(z(r)).

Integration over (R, r) leads to ∫_∞ z(r) ds ( qF (s) )_{1/p} ≤ r − R + c3 ∫_r R Γ(z(s))ds.

Recalling the definition of ψ given in (1.3) we have ψ(z(r)) ≤ r − R + c_3 ∫_r R Γ(z(s))ds. (2.12) Putting ω := c_3 ∫_r R Γ(z(s))ds, inequality (2.12) reads as ψ(z(r)) ≤ r − R + ω, whence z(r) ≥ ϕ(r − R + ω) ≥ ϕ(r − R) + ϕ^′(r − R)ω. Using condition (2.8) and recalling that ϕ^′ < 0, we have z(r) ≥ ϕ(r − R) + Kϕ^′(2(r − R))c_3 ∫_r R Γ(z(s))ds. (2.13) On the other hand, since F (t) is increasing we find Γ(z(r)) < q^{1/q} z(r) F (z(r))^{1/p} . Using the latter estimate and the monotonicity of z(r)/F (z(r))^{1/p}, (2.13) yields z(r) ≥ ϕ(r − R) − c_4F ( ϕ(2(r − R)) )_{1/p} (r − R) z(r) F (z(r))^{1/p} . (2.14) Finally, by (2.12) we find, for r near R, ψ(z(r)) ≤ 2(r − R), whence z(r) ≥ ϕ(2(r − R)). Hence, from (2.14) we get z(r) ≥ ϕ(r − R) − c_4(r − R)z(r). The lemma follows easily.

Theorem 2.5. Let D ⊂ R^N be a bounded smooth domain satisfying a uniform interior and exterior sphere condition. Assume conditions (1.2), (2.8) and suppose F (t)t^{−p} is increasing for large t. If u(x) is a positive solution to problem (1.1) then there exists a constant β > 0 such that |u(x) − ϕ(δ(x))| < βδ(x)ϕ(δ(x)). Here, δ(x) = dist(x, ∂D). Proof: Take a point P ∈ ∂D. We may assume that P = (R, 0, . . . , 0), that D is contained in the annulus A (R, R^′ ) with center at (2R, 0, . . . , 0), and that D contains the ball B(R) with center at (0, . . . , 0). Note that A (R, R^′ ) and B(R) are tangent to ∂D at P . If u, v and z are solution of (1.1) in D, B(R), and A (R, R^′ ) respectively then, by the comparison principle, we have

z(x) ≤ u(x) ≤ v(x) ∀x ∈ B(R). The result follows now by Lemmas 2.3 and 2.4 using a comparison principle. Remark. For a convex domain D, Theorem 2.5 has been proved in [8] without using condition (2.8).

3. Integrability

By Theorem 2.5 one gets lim δ(x)→0 u(x) ϕ(δ(x)) = 1. (3.1) As an application of this fact we prove the following result of integrability. Theorem 3.1. Let D ⊂ R^N be a bounded smooth domain satisfying a uniform interior and exterior sphere condition. Assume (2.8) and suppose F (t)t^{−p} is increasing for large t. If the condition ∫_∞ 1 dt F (t)^1α < ∞ (3.2) holds for some α > p and if u(x) is a positive solution to problem (1.1) then u ∈ L^{α−pp} (D).

Proof: Note that condition (3.2) implies (1.2). By (3.1), the solution u(x) near the boundary ∂D behaves like the corresponding solution in one dimension. Therefore, it suffices to prove that the solution v(r) to the problem ( (v^′)^{p−1} )_′ = f(v), v^′(0) = 0, v(R) = ∞ (3.3)

belongs to L^{α−pp} (0, R).

By (3.3) we find, for a positive constant c_1 and r near R p − 1 p (v^′(r))^p = ∫_{v(r)} v(0) f(t)dt ≥ c_1F (v), whence, F (v(r))^{1p} ≤ c_2v^′(r). (3.4) By (2.3) of Lemma 2.2 (with p replaced by α) we have, for all r greater than some r_1 v(r) ≤ F (v(r))^{1α} . Using the latter inequality and (3.4) we find ∫_R r_1 v(r)^{α−pp} dr ≤ ∫_R r_1 F (v(r))^{1p − 1α} dr

≤ c_2 ∫_R r_1 v^′(r)dr F (v(r))^1α

= c_2 ∫_∞ v(r_1) dt F (t)^1α < ∞. The theorem is proved.

Remarks. 1) If D is convex then Theorem 3.1 holds without condition (2.8). 2) Osserman condition (1.2) does not imply that the solution v(r) to the problem ( (v^′)^{p−1} )_′ = f(v), v(R) = ∞ (3.5)

belongs to L^ϵ(0, R) for any ϵ > 0. Indeed, using the function

v(r) = e^{(R−r)−1} (3.6)

we find v^′(r) = v ( log v

)_2

and ( (v^′(r))^{p−1} )_′ = (p − 1)v^{p−1} [( log v )_{2p} + 2 ( log v )_{2p−1}] . Hence, the function v(r) is a solution to problem (3.5) with f(v) = (p − 1)v^{p−1} [( log v )_{2p} + 2 ( log v )_{2p−1}] . A primitive of such a function is

F (v) = p − 1 p v^p ( log v )_{2p} , which clearly satisfies condition (1.2). Note that the function v(r) defined in (3.6) does not belong to L^ϵ(0, R) for any ϵ > 0.

References

[1] Bandle, C.; Giarrusso, E., Boundary blow up for semilinear elliptic equations with nonlinear gradient terms, Advances in Differential Equations, 1 (1996), 133-150.

[2] Bandle, C.; Greco, A.; Porru, G., Large solutions of quasilinear elliptic equations: existence and qualitative properties, Boll. Un. Mat. Ital. 11-B (1997), 227-252.

[3] Bandle, C.; Marcus, M., Large solutions of semilinear elliptic equations:

existence, uniqueness and asymptotic behaviour, J. d’Anal. Math., 58 (1992), 9-24.

[4] Bandle, C.; Marcus, M., On second order effects in the boundary behaviour of large solutions of semilinear elliptic problems, Differential and Integral Equations. 11, (1998), 23-34.

[5] Berhanu, S.; Porru, G., Qualitative and quantitative estimates for large solutions to semilinear equations, To appear in Comm. in Appl. Analysis.

[6] Giarrusso, E., On blow up solutions of a quasilinear elliptic equation, To appear in Math. Nach.

[7] Gilbarg, D.; Trudinger, N. S., Elliptic Partial Differential Equations of Second Order, Springer Verlag, Berlin, 1977.

[8] Gladiali, F.; Porru, G., Estimates for explosive solutions to p-Laplace equations, Progress in Partial Differential Equations, (Pont-á-Mousson 1997), Vol. 1, Pitman Res. Notes Math. Series, Longman 383 (1998), 117-127.

[9] Greco, A.; Porru, G., Asymptotic estimates and convexity of large solutions to semilinear elliptic equations, Differential and Integral Equations, 10 (1997), 219-229.

[10] Lazer, A. C.; McKenna, P. J., Asymptotic behaviour of solutions of boundary blow up problems, Differential and Integral Equations, 7 (1994), 1001- 1019.

[11] Loewner, C.; Nirenberg, L., Partial differential equations invariant under conformal or projective transformations, Contribution to Analysis, Academic Press, (1984), 245-272.

[12] Osserman, R., On the inequality Δu ≥ f(u), Pacific J. Math. 7 (1957), 1641-1647.

[13] Martio, O.; Porru, G., Large solutions of quasilinear elliptic equations in the degenerate case, Complex Analysis and Differential Equations, Proc. in Honor of Matt Essén, Uppsala, Sweden, June 15-18, 1997. Editor: Christer Kiselman. (1999), 225-241.

[14] Matero, J., Quasilinear elliptic equations with boundary blow-up, J. Analyse Math. 69 (1996), 229-247.

Ahmed Mohammed Giovanni Porru Department of Mathematics Dipartimento di Matematica A.A. University, Ethiopia Università di Cagliari Present address: Via Ospedale 72 Department of Mathematics & 09124 Cagliari, Italy Computer Science e-mail: porru@unica.it Kuwait University P.O. Box 5969, Safat 13060 Kuwait e-mail: ahmedm@sun490.sci.kuniv.edu.kw