DECAY ESTIMATES FOR SOLUTIONS OF VARIOUS PARABOLIC PROBLEMS

G. A. Philippin S. Vernier-Piro^∗

Abstract In this paper we establish a maximum principle for solutions of some 1-dimensional parabolic equations. This maximum principle is then applied to construct exponential decay bounds (in time) for solutions of two classes of related boundary value problems.

1. Introduction

In a previous paper [8] we have constructed exponential decay bounds for some quantity involving u(x, t) and u_x(x, t) where u(x, t) is the classical solution of the following initial-boundary value problem [G(u)]_{xx} + f(u) = u_t , |x| < L , t > 0, (1.1) u(±L, t) = 0 , t ≥ 0 (1.2) u(x, 0) = h(x) , |x| < L. (1.3) This paper may be considered as a continuation of our previous work when the parabolic equation (1.1) is replaced by g(u, u^2_x)u_{xx} + f(u) = u_t , |x| < L , t > 0, (1.4) with g(u, u^2_x) = r(u) q(u^2_x) , (1.5)

∗the authors were partially supported by CNR-Italy, AMS Subject Classification: 35B50 , 35K55 Key words and phrases: Quasilinear parabolic problems, maximum principle.

or with g(u, u^2_x) = r(u) + q(u^2_x). (1.6)

The first case (1.5) is investigated in Section 3, whereas the second case (1.6) is investigated in Section 4. Section 2 contains some preliminary computations pertinent to both cases (1.5) and (1.6).

2. Maximum principles

In this section we want to establish some maximum principles for auxiliary functions Φ appropriately chosen in terms of the solutions u of the parabolic equations under investigation, of their first space derivatives u_x and of time t. In order to unify the next calculations we start with the general parabolic equation g(u, u^2_x)u_{xx} + f(u) = u_t , |x| < L , t > 0 , (2.1) where f and g are stictly positive differentiable functions and we consider some auxiliary functions Φ of the form

Φ(x, t) = Ψ(u, u^2_x) e^{2αβt}, (2.2)

where Ψ is a positive function to be specified later and α and β are positive parameters to be selected appropriately. We compute

Ψ_x = (Ψ^′u_x + 2Ψ̇u_xu_{xx})e^{2αβt} (2.3)

with Ψ^′ := ∂Ψ ∂u , Ψ̇ := ∂Ψ ∂u^2_x ,

Φ_{xx} = { Ψ^{′′}u^2_x + 2Ψ̇^′u^2_xu_{xx} + Ψ^′u_{xx} + ( 2Ψ̇ g u_x ) x gu_{xx} + 2 Ψ̇ g u_x(gu_{xx})_x } e^{2αβt} (2.4)

= { Ψ^{′′}u^2_x + 2Ψ̇^′u^2_xu_{xx} + Ψ^′u_{xx} + 2gu_{xx}u^2_x (Ψ̇ g )_′ + 4gu^2_xu^2_{xx} (Ψ̇ g )_.

+2Ψ̇u^2_{xx} + 2Ψ̇ g u_xu_{xt} − 2Ψ̇ g f^′u^2_x } e^{2αβt}.

From (2.3) we obtain u_{xx} = − Ψ^′ 2Ψ̇ + e^{−2αβt} 2Ψ̇u_x

Φ_x = −

Ψ^′ 2Ψ̇ + · · · (2.5)

In (2.5) and later , dots stand for terms of the form w(x, t) Φ_x where w(x, t) is some function singular at critical points of u(x, t). Making systematic use of (2.5) in (2.4), we arrive at gΦ_{xx} + · · · = gΨ^{′′} − g Ψ̇′ Ψ′ Ψ̇ − g^2

Ψ^′ Ψ̇ (Ψ̇ g )_′ (2.6)

+g^2 ( Ψ^′ Ψ̇ )_2 (˙ Ψ g )_. − 2Ψ̇f^′ u^2_x + 2Ψ̇u_xu_{xt} e^{2αβt}. Moreover we compute

Φ_t = (Ψ^′u_t + 2Ψ̇u_xu_{xt} + 2αβΨ)e^{2αβt}. (2.7)

From (2.1) and (2.5) we obtain

u_t = −

Ψ^′ 2Ψ̇ g + f + · · · (2.8)

From (2.7) and (2.8) we have

Φ_t + · · · = { − (Ψ^′)^2 2Ψ̇ g + Ψ^′f + 2Ψ̇u_xu_{xt} + 2αβΨ } e^{2αβt}. (2.9) Combining (2.6) and (2.9)we obtain after some reduction

LΦ := gΦ_{xx} − Φ_t + · · · (2.10) = {[ (gΨ^′)^′ − ( gΨ^{′2} Ψ̇ )_. − 2Ψ̇f^′ ] u^2_x + 1 2 gΨ^{′2} Ψ̇ − 2αβΨ − Ψ^′f } e^{2αβt}. The first class of parabolic equations considered in this paper is obtained from (2.1) when we choose g(u, u^2_x) = r(u) q(u^2_x) where r and q are two given positive functions : r(u)q(u^2_x)u_{xx} + f(u) = u_t , |x| < L , t > 0 . (2.11) In this case we establish the following maximum principle:

Lemma 1. Let u(x, t) be a classical solution of (2.11). Assume that q(σ) is a nondecreasing function of σ > 0, and that the functions f and r satisfy the condition f ∫_u 0 dσ r(σ) − 2 ∫_u 0 f(σ) r(σ) dσ ≥ 0 . (2.12) We then conclude that the auxiliary function Φ(x, t) := Ψe^{2αβt} defined on solutions of (2.11) where α is an arbitrary nonnegative parameter with

Ψ(u, u^2_x) :=

∫_u2_x 0 q(σ)dσ + α (∫_u 0 dσ r(σ) )_2 + 2 ∫_u 0 f(σ) r(σ) dσ (2.13) and with β ≤ 1 r_{max} , (2.14) takes its maximum value either at x = ±L for some t > 0 , or initially at t = 0 for some |x| < L , or at some critical point (x, t) of u , i.e. at (x, t) such that u_x(x, t) = 0.The above assertion may be formulated as follows

Φ(x, t) ≤ max Φ(±L, t) , (i) max_{|x|<L}Φ(x, 0) , (ii)

Φ(x, t) with u_x(x, t) = 0 . (iii)

(2.15)

For the proof of Lemma 1 we insert Ψ(u, u^2_x) defined by (2.13) into (2.10) with g = rq . This leads to

LΦ = 2αq r u^2_x + 2 r [ α ∫_u 0 dσ r(σ) + f ]_2

− 2αβΨ (2.16)

− 2αf r ∫_u 0 dσ r(σ) − 2f^2 r } e^{2αβt}. Since q is nondecreasing , we have qu^2_x ≥ ∫_u2_x 0 q(σ)dσ. (2.17) Combining (2.16) with (2.17) we obtain, after adding and subtracting the quantity ( 4α r e^{−2αβt} ∫_u 0 f(σ) σ dσ ) e^{2αβt} at the right hand side of (2.16)

LΦ ≥ 2αΨ [1 r − β ] + { 2α r [ f ∫_u 0 dσ r(σ) − 2 ∫_u 0 f(σ) r(σ) dσ ]} e^{2αβt}, (2.18) so that LΦ ≥ 0 in view of (2.14), and (2.12). The conclusion of Lemma 1 then follows from an application of Nirenberg’s maximum principle [4,9].

The second class of parabolic equations considered in this paper is obtained from (2.1) when we choose g(u, u^2_x) = r(u) + q(u^2_x) > 0 : [r(u) + q(u^2_x)]u_{xx} + f(u) = u_t, |x| < L, t > 0. (2.19) In this case we establish the following maximum principle:

Lemma 2. Let u(x, t) be a classical solution of (2.19). Assume that q(σ) is a nondecreasing function of σ > 0, and that f(σ) σ is nonincreasing. Assume moreover that f and r satisfy the two conditions r f(u) u − (rf)^′ ≥ 0 , (2.20) and rr^{′′} − 1 2 r^{′2} ≥ 0 , r^{′′} ≥ 0 . (2.21) We then conclude that the auxiliary function ~Φ(x, t) := ~Ψ e^{2αt} defined on solutions of (2.19) with

~Ψ(u, u^2_x) := r(u)u^2_x +

∫_u2_x 0 q(σ)dσ + αu^2 + u ∫_u 0 f(σ) σ dσ, (2.22) where α is an arbitrary nonnegative parameter , takes its maximum value either at x = ±L for some t > 0 , or initially at t = 0 for some |x| < L , or at some critical point (x, t) of u , i.e. at (x, t) such that u_x(x, t) = 0.The above assertion may be formulated as follows

~Φ(x, t) ≤ max ~Φ(±L, t) , (i) max_{|x|<L} ~Φ(x, 0) , (ii)

~Φ(x, t) with u_x(x, t) = 0 . (iii)

(2.23)

For the proof of Lemma 2 we insert ~Ψ(u, u^2_x) defined by (2.22) into (2.10) with g = r + q . Using the inequality (2.17) we are led to L ~Φ ≥ {[ (r + q)r^{′′} − 1 2 r^{′2} ] u^4_x + [(r + q)(F^′ − 2f)^′ − fr^′] u^2_x (2.24)

+2α[(F^′ − f)u − F ] + 1 2 F^′(F^′ − 2f) } e^{2αt}, with F (u) := u ∫_u 0 f(σ) σ dσ . (2.25) Using the assumptions on f , we compute from (2.25)

F^′ = ∫_u 0 f(σ) σ + f(u) ≥ 0 , (2.26)

F^′ − 2f = ∫_u 0 f(σ) σ − f(u) ≥ 0 , (2.27)

(F^′ − 2f)^′ = f(u) u − f^′(u) = −u ( f u )_′ ≥ 0 . (2.28)

Making use of the inequalities (2.20), (2.21), (2.27) and (2.28) in (2.24), we conclude then that L ~Φ ≥ 0 , (2.29) so that the conclusion of Lemma 2 holds true, in view of Nirenberg’s maximum principle [4,9].

In the next two sections , we apply Lemmas 1 and 2 in order to derive exponential decay in time of the quantities Ψ(u, u^2_x) and ~Ψ(u, u^2_x) (for some values of α ) associated to positive solutions of some initial-boundary value problems involving the parabolic equations (2.11 ) and (2.19).

3. r(u) q(u^2_x) u_{xx} + f(u) = u_t

In this section we consider the following initial- boundary value problem r(u)q(u^2_x)u_{xx} + f(u) = u_t , |x| < L , t > 0 , (3.1) u(±L, t) = 0 , t > 0 , (3.2) u(x, 0) = h(x) ≥ 0 , |x| < L . (3.3) We assume that 0 < r_0 ≤ r(σ), σ ≥ 0 , 0 < q_0 ≤ q(σ) , σ ≥ 0 , and that f(s) ≥ 0 , s > 0 , f(0) = 0 . Moreover we make the assumptions of Lemma 1, so that the conclusion (2.15) of Lemma 1 holds . However the first possibility (i) in (2.15) can be eliminated since we have Ψ^′ = 0 and u_{xx} = 0 at x = ±L , implying that Φ_x(±L, t) = (Ψ^′u_x + 2Ψ̇u_xu_{xx})e^{2αβt} = 0, (3.4) so that Φ cannot take its maximum at x = ±L in view of Friedman’s maximum principle [3,9]. Moreover depending of the behaviour of the ratio f(s) r(s) we may select α small enough in order to eliminate (iii) in (2.15).

We first consider the following particular case: f(s) r(s) = μs , μ = const. (3.5)

Suppose now that (iii) holds in (2.15) , i.e. suppose Φ(x, t) ≤ Φ(x, t) with u_x(x, t) = 0. Evaluated at t = t, we obtain

Ψ(u, u^2_x) ≤ Ψ(u_M , 0), (3.6)

with u_M := max_{|x|<L}u(x, t) and with

Ψ(u, u^2_x) =

∫_u2_x 0 q(σ)dσ + α (∫_u 0 dσ r(σ) )_2

+ μu^2, (3.7)

i.e.

∫_u2_x 0 q(σ)dσ ≤ μ(u^2_M − u^2) + α (∫_{uM} 0 dσ r(σ) )_2 − (∫_u 0 dσ r(σ) )_2 . (3.8) From the monotonicity of q(σ) we have the inequality

q_0u^2_x ≤

∫_u2_x 0 q(σ)dσ . (3.9) Using the mean value theorem , we have for some intermediate values ξ_1, ξ_2, ξ_3 (∫_{uM} 0 dσ r(σ) )_2 − (∫_u 0 dσ r(σ) )_2 = [∫_{uM} 0 dσ r(σ) + ∫_u 0 dσ r(σ) ] ∫_{uM} u dσ r(σ) (3.10)

= 1 r(ξ_1) (u_M − u) [∫_{uM} 0 dσ r(σ) + ∫_u 0 dσ r(σ) ]

= 1 r(ξ_1)

(u^2_M − u^2) ∫_{uM} 0 dσ r(σ) + ∫_u 0 dσ r(σ) u_M + u ≤ 1 r(ξ_1)

(u^2_M − u^2) max ( 1 u_M ∫_{uM} 0 dσ r(σ) , 1 u ∫_u 0 dσ r(σ) )

= 1 r(ξ_1) max ( 1 r(ξ_2) , 1 r(ξ_3) ) (u^2_M − u^2) ≤ 1 r^2_0

(u^2_M − u^2) .

From (3.8) , (3.9) , (3,10) we obtain

q_0u^2_x(x, t) ≤ ( μ + α r^2_0 ) [u^2_M − u^2(x, t)] . (3.11)

Rewriting (3.11) as du(x, t) √ u^2_M − u^2(x, t) ≤ 1 q_0 ( μ + α r^2_0 ) dx , (3.12) and integrating from the critical point x to the nearest endpoint of the interval [−L, L] we obtain the inequality μ + α r^2_0 ≥ π^2q_0 4L^2

=: α_0 . (3.13)

The above inequality is a necessary condition to make (iii) possible in (2.15). If (3.13) is violated , (iii) cannot hold , i.e. Φ must take its maximum value at t = 0. Suppose that μ ≤ α_0.Then for each α < (α_0 − μ)r^2_0 =: α_1 we have Φ(x, t) ≤ max_{|x|<L}Φ(x, 0). Increasing α to α_1 we obtain the desired inequality

∫_u2_x 0 q(σ)dσ + α_1 (∫_u 0 dσ r(σ) )_2

+ μu^2 ≤ H^2e^{−2α1 βt} , (3.14)

with H^2 := max_{|x|<L} ∫_h′2 0 q(σ)dσ + α_1 (∫_h 0 dσ r(σ) )_2

+ μh^2 , (3.15) and α_1 := (α_0 − μ)r^2_0 = ( π^2q_0 4L^2 − μ ) r^2_0 . (3.16)

It is worthwhile to mention that the decay bounds (3.14) hold even in the more general case corresponding to f(s) sr(s) ≤ μ ≤ α_0 := ( π^2q_0 4L^2 ) , ∀s ≥ 0. (3.17)

Clearly if (3.17) holds , we have r(u)q(u^2_x)u_{xx} + μ u r(u) − u_t = u r(u) [ μ − f(u) ur(u) ] ≥ 0 , (3.18)

so that u(x, t) is not greater than the solution of (3.1)-(3.3) corresponding to

the particular case (3.5). Moreover we can repeat the preceeding argument with only minor modifications. In fact with (2.13) , inequality (3.8) has to be replaced by

∫_u2_x 0 q(σ)dσ ≤ α (∫_{uM} 0 dσ r(σ) )_2 − (∫_u 0 dσ r(σ) )_2 + 2 ∫_{uM} u f(σ) r(σ) dσ. (3.19) Using (3.17), the last term in (3.19) may now be estimated as follows 2 ∫_{uM} u f(σ) r(σ) dσ = 2 ∫_{uM} u f(σ) σr(σ) σdσ ≤ 2μ ∫_{uM} u σdσ = μ(u^2_M − u^2). (3.20)

Combining (3.19) and (3.20) we obtain (3.8), and the subsequent computations remain valid without any change.

Finally we want to investigate the problem (3.1)-(3.3) under the assumption that f(σ) σ r(σ) is nondecreasing for σ > 0, i.e. under the assumption ( f(σ) σr(σ) )_′ ≥ 0 , σ > 0 . (3.21)

In this case we want to show that u(x, t) cannot blow up if the initial data h(x) are small enough . Our first analysis will be confined on any time interval (0, T ) with T prior an (hypothetic) blow up time t̂. In a first step we establish the following comparison result:

Lemma 3. Under the assumption of Lemma 1 and assumption (3.21) , the solution u(x, t) of problem (3.1)-(3.3) may be estimated as follows 0 ≤ u(x, t) ≤ Ue^{−(α0 −μ)r20 βt} , |x| < L , 0 < t < T , (3.22) with U := max_{|x|<L} 1 μ ∫_h′2 0 q(σ)dσ + α_1 μ (∫_h 0 dσ r(σ) )_2

+ h^2 , (3.23) μ := f(u_M ) u_M r(u_M )

, u_M := max (−L,L)×(0,T ) u(x, t), (3.24) α_0 := π^2q_0 4L^2

, α_1 := (α_0 − μ)r^2_0 , (3.25) β ≤ 1 r_{max} . (3.26)

For the proof of Lemma 3, we note that (3.18) is valid with μ defined in (3.24). It then follows that u(x, t) is not greater than the solution of (3.1)- (3.3) with f(u) in (3.1) replaced by μ u r(u), for which we have established the estimate (3.14) with μ defined by (3.24). This establishes Lemma 3.

In a second step , we establish the next result:

Lemma 4. Assuming the hypotheses of Lemma 3 and that h(x) ≥ 0 is small enough in the following sense f(U) Ur(U) < α_0 := π^2q_0 4L^2

, (3.27)

where U is defined by (3.23),we then conclude that the solution u(x, t) of (3.1)- (3.3) exists for all time (i.e. T = ∞). Moreover we have max_{|x|<L} f(u(x, t)) u(x, t)r(u(x, t)) < α_0 , ∀t > 0 . (3.28)

For the proof of Lemma 4, we observe that (3.21), (3.23) and (3.27) imply the inequality f(h) hr(h) ≤ f(U) Ur(U) < α_0 . (3.29)

Suppose now that (3.28) does not hold for all time. In view of (3.29) there must be a first time T at which we have

μ := f(u_M )) u_M r(u_M ) ≤ max_{|x|<L} f(u(x, T )) u(x, T )r(u(x, T )) = α_0. (3.30)

It then follows from Lemma 3 that u(x, t) ≤ Ue^{−(α1 −μ)r20 βt} ≤ U , |x| < L , 0 ≤ t ≤ T . (3.31)

From (3.31) and (3.27) we obtain max_{|x|<L} f(u(x, T )) u(x, T )r(u(x, T )) ≤ f(U) Ur(U) < α_0, (3.32)

from which we conclude indeed that (3.28) cannot be violated for any finite value of T . This achieves the proof of Lemma 4.

In a third and last step we establish the desired decay bound for Ψ(u, u^2_x) formulated in the next theorem:

Theorem 5. Assuming the hypotheses of Lemma 3 and that the data h(x) are small enough in the sense that there exists a constant α_2 such that f(U) Ur(U) < α_0 − α_2 r^2_0 = π^2q_0 4L^2 − α_2 r^2_0

, (3.33)

where U is defined by (3.23),we have the following decay estimate:

∫_u2_x 0 q(σ)dσ + α_2 (∫_u 0 dσ r(σ) )_2 + 2 ∫_u 0 f(σ) r(σ) dσ ≤ H^2e^{−2α2βt} , (3.34) with β defined in (3.26) and with

H^2 := max_{|x|<L} ∫_h′2 0 q(σ)dσ + α_2 (∫_h 0 dσ r(σ) )_2 + 2 ∫_h 0 f(σ) r(σ) dσ . (3.35) For the proof of Theorem 5, we first observe that (3.33) implies (3.27), so that the solution u(x, t) of (3.1)-(3.3) does not blow up in any finite time. We want now to eliminate the third possibility (iii) in (2.15) for the auxiliary function Φ(x, t) = Ψ(u, u^2_x)e^{2α2 βt}, with Ψ defined in (2.13). Suppose on the contrary that we have Φ(x, t) ≤ Φ(x, t) with u_x(x, t) = 0. With t = t we obtain, using again (3.9) and (3.10)

q_0u^2_x(x, t) ≤ α_2 r^2_0

(u^2_M − u^2) + 2 ∫_{uM} u f(σ) r(σ) dσ ≤ ( α_2 r^2_0 + μ ) (u^2_M − u^2), (3.36)

from which we obtain as usual α_2 r^2_0 + μ ≥ π^2q_0 4L^2

. (3.37)

It remains to show that (3.37) cannot hold under assumption (3.33). Indeed from (3.28) we have the strict inequality μ := f(u_M ) u_M r(u_M )

< α_0 , (3.38) so that u_M ≤ U by (3.22). It then follows from(3.21) , (3.38) , and (3.33) that μ ≤ f(U) Ur(U) < α_0 − α_2 r^2_0

, (3.39) in contradiction to (3.37).This achieves the proof of Theorem 5.

4. [r(u) + q(u^2_x)]u_{xx} + f(u) = u_t

In this section we consider the following initial-boundary value problem [r(u) + q(u^2_x)] u_{xx} + f(u) = u_t , |x| < L , t > 0 , (4.1)

u(±L, t) = 0 , t > 0 , (4.2) u(x, 0) = h(x) ≥ 0 , |x| < L , (4.3) with r(σ) + q(τ) ≥ ϵ in R^+ × R^+, ϵ := const. > 0 , (4.4) and with f(σ) ≥ 0, σ > 0 such that f(0) = 0 , lim_{σ↗0} f(σ) σ =: γ ≤ α_0 := π^2ϵ 4L^2

. (4.5) Moreover we assume that the conditions of Lemma 2 are satisfied so that the conclusion (2.23) holds. Assuming in addition that r^′(0) = 0, we have from (2.22),(4.2) and (4.3) ~Φ_x(±L, t) = ~Ψ_x(±L, t)e^{2αt} = 0 , (4.6) so that the first possibility (i) in (2.23) cannot hold as a consequence of Friedman’s maximum principle [3,9]. We now investigate two cases for which the nonnegative parameter α can be selected small enough in order to make (iii) impossible in (2.23). We first consider the following case f(σ) σ = γ ≤ α_0 , ∀σ > 0 . (4.7)

In this case we have ~Φ(x, t) := { r(u)u^2_x +

∫_u2_x 0 q(σ)dσ + (α + γ)u^2 } e^{2αt}. (4.8) Suppose now that (iii) holds in (2.23) i.e. suppose ~Φ(x, t) ≤ ~Φ(x, t) with u_x(x, t) = 0. Evaluated at t = t we obtain using (4.4)

ϵu^2_x(x, t) ≤ r(u)u^2_x +

∫_u2_x 0 q(σ)dσ ≤ (α + γ)[u^2_M − u^2(x, t)], (4.9)

with u_M := max_{|x|<L}u(x, t). From (4.9) we obtain as usual the inequality

α + γ ≥ π^2ϵ 4L^2

=: α_0. (4.10)

We then conclude that if α < α_0 − γ, (iii) in (2.23) cannot hold so that we must have (ii) in (2.23). With α ↗ α_0 − γ we are led to the following exponential decay estimate

r(u)u^2_x +

∫_u2_x 0 q(σ)dσ + (α_0 − γ)u^2 ≤ ~H^2e^{−2(α0 −γ)t}, (4.11)

with ~H^2 := max_{|x|<L} { r(h)h^{′2} + ∫_h′2 0 q(σ)dσ + (α_0 − γ)h^2 } . (4.12)

Finally let us consider the case where the ratio f(σ) σ is nonincreasing with respect to σ . In this case we have

[r(u) + q(u^2_x)] u_{xx} + γu − u_t = u [ γ − f(u) u ] ≥ 0 , |x| < L , t > 0 , (4.13) so that the solution of (4.1)-(4.3) is dominated by the solution associated to the previous case and exists therefore for all time. Suppose now that (iii) holds in

(2.23) with ~Φ(x, t) := ~Ψ(u, u^2_x)e^{2αt}, where ~Ψ is defined by (2.22).We then obtain using (4.4)

ϵu^2_x(x, t) ≤ α[u^2_M − u^2(x, t)] + u_M ∫_{uM} 0 f(σ) σ dσ − u ∫_u 0 f(σ) σ dσ. (4.14) Using the generalized mean value theorem and the monotonicity of f(σ) σ we have u_M ∫_{uM} 0 f(σ) σ dσ − u ∫_u 0 f(σ) σ dσ (4.15)

= u_M ∫_{uM} 0 f(σ) σ dσ − u ∫_u 0 f(σ) σ dσ u^2_M − u^2

(u^2_M −u^2) = ∫_ξ 0 f(σ) σ dσ + f(ξ) 2ξ [u^2_M −u^2] ≤ γ[u^2_M −u^2].

Combining (4.14) and (4.15) , we obtain again (4.9) , so that if α < α_0 − γ , (iii) cannot hold in (2.23), implying that we must have (ii) in (2.23). With α ↗ α_0 − γ we obtain the following exponential decay estimate

r(u)u^2_x +

∫_u2_x 0 q(σ)dσ + (α_0 − γ)u^2 + u ∫_u 0 f(σ) σ dσ ≤ ~H^2 e^{−2(α0 −γ)t}, (4.16) with ~H^2 := max_{|x|<L} { r(h)h^{′2} + ∫_h′2 0 q(σ)dσ + (α_0 − γ)h^2 + h ∫_h 0 f(σ) σ dσ } . (4.17)

It is worthwhile to mention that if one of the two functions r and q is constant, we may apply the results of Section 3.

References

[1] Amann, H., Quasilinear evolution equations and parabolic systems, Trans.

Amer. Math. Soc. 293 (1986), 191–227.

[2] Ball, J. M., Remarks on blow-up and nonexistence theorems for nonlinear evolution equations, Quart. J. Math. Oxford 28 (1977), 473–480.

[3] Friedman, A., Remarks on the maximum principle for parabolic equations and its applications, Pacific J. Math. 8 (1958), 201–211.

[4] Nirenberg, L., A strong maximum principle for parabolic equations, Comm.

on Pure and Appl. Math. 6 (1953), 167–177.

[5] Payne, L. E.; Philippin, G. A., Decay bounds for solutions of second order parabolic problems and their derivatives, Math. Models and Methods in Appl. Sci. 5 (1995), 95–110.

[6] Payne, L. E..; Philippin, G. A., Decay bounds in quasilinear parabolic problems in Nonlinear Problems in Applied Mathematics, Ed. by T.S. Angell, L. Pamela Cook, R.E.Kleinman and W.E.Olmstead, SIAM, 1997.

[7] Philippin, G. A.; Vernier-Piro, S., Explicit exponential decay bounds in quasilinear parabolic problems, J. of Inequalities and Applications 1 (1998), 1–23.

[8] Philippin, G. A.; Vernier-Piro, S., Decay estimates for solutions of a class of parabolic problems arising in filtration in porous media (to appear).

[9] Protter, M. H.; Weinberger, H. F., Maximum Principles in Differential Equations, Springer-Verlag, Berlin 1984

[10] Sperb, R., Maximum principles and their applications, Academic Press Math. in Sci. and Engineering 157 (1981).

G. A. Philippin Stella Vernier-Piro Dépt. de Mathématiques Dipartimento di Matematica et de Statistique Università di Cagliari Université Laval Viale Merello 92 Québec, Canada G1K 7P4 I-09123 Cagliari, Italy e-mail: gphilip@@mat.ulaval.ca e-mail: svernier@@vaxca1.unica.it