OXIDATION FRONTS IN A SIMPLIFIED MODEL FOR TWO-PHASE FLOW IN POROUS MEDIA

Jesus C. da Mota^∗ Aparecido J. de Souza^† Ronaldo A. Garcia^‡ Pedro W. Teixeira^∗

Abstract

Air sometimes is pumped in injection wells in order to preserve the pressure and to expel oil to producing wells. A low temperature oxidation usually occurs in such a situation. The aims are increasing the oil production and guaranteeing that all the oxygen is consumed before reaching the production wells, where it would be a safety hazard. In this work we consider a simplified model for the flow and we find some oxidation fronts, described by heteroclinic connections in a non-hyperbolic system of three ordinary differential equations associated to the model.

1 Introduction

In this work we study oxidation fronts for a system of gas and oil moving linearly in porous media. We assume that the injected gas is pure oxygen, and that it forms carbon dioxide in a exothermic chemical reaction. We also assume that this carbon dioxide becomes totally dissolved in the oil phase as soon as it is generated. For simplicity, it will be assumed that the density of the oil phase is independent of the concentration of the dissolved carbon dioxide. The viscosity of the oil phase depends on the temperature. The effect of carbon dioxide concentration on the oil phase viscosity will be ignored. Densities of gas and oil will be assumed to be independent of temperature. To avoid effects due to volumetric changes, we make the unphysical assumption that gas and

∗Supported by FINEP, Grant 65.99.0461.00 and Petrobrás, Grant 650.4.013.00.5 †Supported by FINEP, Grant 65.99.0461.00; Petrobrás, Grant 650.4.013.00.5, and CNPq, Grant 523258/95-0

‡Supported by CNPq and PRONEX/FINEP/MCT - Conv. 76.97.1080.00 - Teoria Qualitativa das Equações Diferenciais Ordinárias.

oil have the same density. We assume that the heat capacity of oil and gas is negligible compared to rock capacity, so that all generated heat is used to warm the rock. We use an Arrhenius type law for the reaction rate. We neglect heat loss to the rock formation, so that this oxidation gives rise to a temperature front with small amplitude. In [8] and [9] it was shown that if this heat loss is not neglected, the combustion may give rise to pulses rather than fronts, and oxidation will be incomplete.

We assume that at the right of the front there is a non-oxidized mixture of gaseous (oxygen) and oleic phases, at reservoir temperature. At the left of the front, there is only an oleic phase, with a certain dissolved carbon dioxide, at a higher temperature resulting from oxidation. We remark that if air is injected, we have to keep track of the portion of the gaseous phase which has been oxidized, so an extra variable and an extra equation are needed.

The Arrhenius type reaction rate law we use states that the total amount of oxygen mass consumed per unit time is proportional to the oxygen available and to a temperature dependent factor, see [2].

q = A_re^{− EaR(θ−θ}0^) , if θ > θ_0 and q = 0 if 0 ≤ θ ≤ θ_0 , (1)

where A_r is the Arrhenius´s rate coefficient, E_a is the activation energy, and θ_0 is the temperature where the reaction starts.

Our aim in this paper is to discuss the oxidation fronts as traveling waves. We show that under certain conditions such waves exist and are well determined.

The equations for the model are obtained as in [4], and they are described in Section 2. In Section 3, we describe the chemical reaction fronts as traveling waves. In Section 4, the orbits of the ordinary differential equations for the traveling waves are found. Section 5 is devoted to discussion of our results.

2 The model

Throughout this section, the subscripts g and o refer to the gaseous and oleic phases, respectively, and r to the porous rock phase. We will follow Reference [1]. The flow is described by state quantities depending on (x, t), the space and time coordinates. They are denoted as follow: s_j = s_j(x, t), j = g, o, is the saturation of phase j in the fluid, i.e., the fraction of the porous volume occupied by phase j; and θ = θ(x, t), is the temperature, which is assumed to be the same for gas, oil, and rock at each (x, t). The density of phase j, j = g, o, r, is denoted by ρ_j . The other relevant quantities related to phase j, j = g, o, are denoted by: v_j is the seepage velocity; and λ_j is the relative mobility, which is a function of saturation s_j and temperature θ, defined by

λ_j(s_j, θ) = k_j(s_j) μ_j(θ) . (2)

Here, μ_j is the viscosity, i.e, its intrinsic resistance to motion; and k_j is the relative permeability, it is a dimensionless function of saturation s_j, measured in the laboratory, also, it is a phase dependent quantity such that Kk_j is the porous medium capability of allowing the flow of phase j, where K is the absolute permeability of the rock, which measures the porous medium capability of allowing fluid flow. Gas viscosity and the absolute permeability are assumed to be constant. However, oil viscosity depends strongly on temperature. Finally, the porosity of the rock is denoted by ϕ, which is the total fraction of the rock volume available to the fluids, where we take it to be constant by assuming that the rock is homogeneous.

The conservation of mass of the gaseous phase is ∂ ∂t (ϕρ_gs_g) = − ∂ ∂x (ρ_gv_g) − (ϕρ_gs_g)(ϕρ_os_o)q . (3)

The conservation of mass of the oleic phase is ∂ ∂t (ϕρ_os_o) = − ∂ ∂x (ρ_ov_o) + (ϕρ_gs_g)(ϕρ_o)s_oq . (4)

The total flow of the fluid is given by

v = v_g + v_o , (5)

while the total mobility of the fluid, is

λ = λ_g + λ_o , (6)

and hence v = −Kλ_g ∂p_g ∂x − Kλ_o ∂p_o ∂x . (7)

Considering the capillary pressure p_c(s_o) = p_g − p_o, with^{∂pc}_{∂so} < 0, and Eq. (7), we have ∂p_g ∂x = f_o ∂p_c ∂x − v Kλ and ∂p_o ∂x = − f_g ∂p_c ∂x − v Kλ , (8) where f_j is called the “fractional flow function” of phase j = g, o. These functions depend on s_j and θ; they are defined by f_j (s_j, θ) = λ_j(s_j, θ)/λ. (9) Substituting (5)-(9) in (3) and (4), after some manipulations we obtain ∂ ∂t (ϕρ_gs_g) + ∂ ∂x (ρ_gf_gv) = ∂ ∂x (Kρ_gλ_of_g ∂p_c ∂x ) − (ϕρ_gs_g)(ϕρ_os_o)q , (10)

∂ ∂t (ϕρ_os_o) + ∂ ∂x (ρ_of_ov) = − ∂ ∂x (Kρ_oλ_of_g ∂p_c ∂x ) + (ϕρ_gs_g)(ϕρ_os_o)q . (11)

To avoid effects due to volumetric changes, we make the unphysical assumption that the fluid densities are constant and identical (ρ_g = ρ_o = ρ). This assumption becomes our analysis easier because the two last equations may be substituted by only one equation, as the following: Eqs. (10) and (11), after to be divided by ρ, are equivalent to the following equations, ∂ ∂t (ϕs_o) + ∂ ∂x (vf_o) = −K ∂ ∂x (λ_of_g ∂p_c ∂x ) + ϕ^2ρs_gs_oq , (12) ∂v ∂x = 0 . (13)

This last equation shows that v = v(t), which may be given by the boundary condition, and will be assumed to be constant.

Since we are assuming that all generated heat is used to warm the rock, the conservation of energy may be written as ∂ ∂t (ρ_rC_rθ) = ∂ ∂x ( ρ_rκ_r ∂θ ∂x ) + ϕ^2ρ^2Λs_gs_oq . (14)

where C_r, κ_r and Λ, are the heat capacity of the rock at constant pressure, the heat conductivity of the rock, and the energy released by oxidation, respectively. Here, all these quantities are assumed to be constant.

From now on we will substitute s_g by 1 − s_o. Let us also introduce the positive constants η = ϕ^3ρ^2Λ ρ_rC_r , γ = ϕκ_r v^2C_r

, and χ = ϕ^2ρ , (15) and the nonnegative function h(s, θ) = − K v^2 λ_gf_o dp_c ds , (16)

where we use that λ_of_g = λ_gf_o. In principle, h(s, θ) vanishes for s = 0 and s = 1, but to simplify our analysis we consider it as a positive function in 0 ≤ s ≤ 1, θ ≥ 0. We will omit the index o in s_o and in f_o. So, the oil saturation will be denoted by s, and the fractional flow function of oil, which depend on s and T , will be denoted by f. To scale out ϕ and v, we can set

t = ϕt̃ and x = vx̃ . (17)

For simplicity of notation, we drop the tildes, obtaining from (12) and (14), the following system ∂s ∂t + ∂f ∂x = ∂ ∂x (h ∂s ∂x ) + χ(1 − s)sq , (18) ∂θ ∂t = ∂ ∂x (γ ∂θ ∂x ) + η(1 − s)sq . (19)

Following standard modeling of two-phase flow in porous media, see [1], we will assume that f(s, θ) is a nonnegative C^2−function, S-shaped in s for each θ, with f(0, θ) ≡ 0 and f(1, θ) ≡ 1. Also, we assume that^{∂f}_{∂s} vanishes for s = 0 and s = 1 for each θ, and that^{∂f}_{∂θ} > 0 for 0 < s < 1.

3 Oxidation traveling waves

Since the effects of capillary pressure and thermal conductivity have been take in account the system (18)-(19) has parabolic terms, characterized by the second derivatives. Thus, it is natural to look for solutions as traveling waves, see [11].

Next, the following definition will be needed.

Definition 1 A state (s, θ) is called non-oxidized if s < 1 and θ ≤ θ_0, and it is called oxidized if s = 1 and θ > θ_0, where θ_0 is the temperature where the reaction starts.

In this model traveling waves must represent oxidation fronts propagating with certain speed, leaving an oxidized state behind, denoted by (s^−, θ^−), which advances into a non-oxidized state ahead, denoted by (s^+, θ^+). In the nonoxidized region the reaction rate q, from Definition 1 vanishes because θ ≤ θ_0. In this case the system (18)-(19) is decoupled. We can first find the temperature by solving the linear heat equation obtained from (19) and then find the saturation by solving the scalar Buckley-Leverett’s equation obtained form (18).

In the oxidized region, since s ≡ 1 we have that f ≡ 1. Thus the source terms in (18)-(19) vanish. In this case the Eq. (18) is trivially satisfied, and (19) becomes a forced linear diffusion equation.

In order to do the analysis of the oxidation fronts it is helpful to write the source terms in (18) and (19) as derivatives. So, we will introduce an auxiliary variable Q defined by Q = Q(x, t) = ∫_∞ x (1 − s) s q dx^′ . (20)

With this new variable the system (18)-( 19) has to be augmented by one equation and may be rewritten as ∂s ∂t + ∂f ∂x = ∂ ∂x (h ∂s ∂x ) − χ ∂Q ∂x , (21) ∂θ ∂t = ∂ ∂x (γ ∂θ ∂x ) − η ∂Q ∂x , (22) ∂Q ∂x = − (1 − s) s q(θ) . (23)

From (20), the auxiliary variable value related to a non-oxidized state is given by lim_{x→∞} Q = Q^+ = 0 , (24)

and it related to an oxidized state by lim x→−∞ Q = Q^− , (25)

where we assume that 0 < Q^− < ∞. In the (s, θ, Q)-space, a non-oxidized state will be denoted by (s^+, θ^+, Q^+), and an oxidized state by (s^−, θ^−, Q^−). We recall that from Definition 1 we have that s^− = 1, s^+ < 1, θ^+ ≤ θ_0 and θ^− > θ_0, and from (24) Q^+ = 0. We will assume that θ^+ = θ_0.

Definition 2 Given two arbitrary states U^+ = (s^+, θ^+, Q^+) and U^− = (s^−, θ^−, Q^−), a traveling wave solution of system (21) - (23) with propagation speed σ, connecting U^− on the left to U^+ on the right, is a smooth solution ( s(τ), θ(τ),

Q(τ) ) of this system, depending on the single variable τ = x − σt with −∞ < τ < ∞, such that lim τ →−∞(s(τ), θ(τ), Q(τ)) = U −, lim_{τ →+∞}(s(τ), θ(τ), Q(τ)) = U^+, (26) and lim τ →−∞ (ṡ(τ), θ̇(τ), Q̇(τ)) = (0, 0, 0) , lim_{τ →+∞}(ṡ(τ), θ̇(τ), Q̇(τ)) = (0, 0, 0) . (27)

Substituting s(τ), θ(τ) and Q(τ) in (21)-(23), we can easily prove the following proposition relating traveling waves to solutions of an ordinary differential equations system. We use the notation f^+ = f(s^+, θ^+) and f^− = f(s^−, θ^−).

Proposition 1 Given a non-oxidized state U^+ = (s^+, θ^+ = θ_0, Q^+ = 0) and an arbitrary state U^− = (s^−, θ^−, Q^−), a traveling wave solution of system (21) - (23) with propagation speed σ, connecting U^− on the left to U^+ on the right, is an orbit of the following ordinary differential equations system, satisfying (26) and (27), ṡ = X(s, θ, Q) = σ(s^+ − s) − (f^+ − f) + χQ , (28) θ̇ = Y (s, θ, Q) = h γ {σ(θ^+ − θ) + ηQ} , (29) Q̇ = Z(s, θ, Q) = −h(1 − s)sq , (30) where γ is the parameter defined in (15) and h is the positive function of s and θ defined in (16).

Also, the speed σ and the states U^+ and U^− are related by the following Rankine-Hugoniot conditions,

σ(s^+ − s^−) − (f^+ − f^−) + χQ^− = 0 , (31)

σ(θ^+ − θ^−) + ηQ^− = 0 , (32) −(1 − s^−)s^−q(θ^−) = 0 . (33)

Eqs. (31)-(33) are obtained by taking the limit as τ → −∞ in (28)-(30), respectively.

Remark 1 Eqs. (28)-(33) show that the states U^+ and U^− are singular points of the system (28)-(30).

Remark 2 If we consider the state U^− = (s^−, θ^−, Q^−) such that s^− > 0 and θ^− > θ_0, we have q(θ^−) > 0, and from Eq. (33) we have s^− ≡ 1. Consequently, in this case, U^− is forced to be an oxidized state.

4 Heteroclinic orbits

In order to formulate our results, the system (28)-(30) will be considered as depending only on the speed parameter σ. The other parameters γ and χ will be fixed. We rewrite this system as the following one-parameter family of vector fields

Φ_σ = X(s, θ, Q; σ) ∂ ∂s + Y (s, θ, Q; σ) ∂ ∂θ + Z(s, θ, Q; σ) ∂ ∂Q . (34)

In this section we consider the non-oxidized state U^+ = (s^+, θ^+ = θ_0, Q^+ = 0) as a fixed state with 0 < s^+ < 1. The problem that we will consider is the following: given a value for the speed σ, we first find all states U^−(σ) = (s^−(σ), θ^−(σ), Q^−(σ)) satisfying the Rankine-Hugoniot conditions (31)-(33). Then, we ask if there exist an orbit φ of the system ( 28)-(30) such that ω(φ) = U^+ and α(φ) = U^−(σ) i. e., if there exist a heteroclinic orbit φ connecting U^−(σ) to U^+. Notice from Remark 1 that U^+ and U^−(σ) are singular points of this system. Also, from (33) we have s^−(σ) = 1 or s^−(σ) = 0 or θ^−(σ) ≤ θ_0. Since we are looking for oxidation fronts, the case of interest is when U^−(σ) is an oxidized state. Therefore, we will consider s^−(σ) = 1 and θ^−(σ) > θ_0, as in Definition 1.

We will prove the following result.

Theorem 1 Consider the family of systems of differential equations (28)-(30), or equivalently, the one parameter family of vector fields Φ_σ given by (34). Let σ be such that σ > f^+_s =^{∂f}_{∂s} (s^+, θ^+) > 0. If σ is large enough, then there exists a unique heteroclinic orbit connecting the two singular points U^− = U^−(σ) = (1, θ^−(σ), Q^−(σ)) and U^+ = (s^+, θ^+ = θ_0, 0). Here θ^−(σ) > θ^+ = θ_0 and Q^− > 0.

In what follows we will describe the structure of the singular points of Φ_σ.

Lemma 1 Assume that 0 < s^+ < 1. Then the curves σ → C_0(σ) ≡ (0, θ^−, Q^−) and σ → C_1(σ) ≡ (1, θ^−, Q^−), defined by Φ_σ(C_0(σ)) = (0, 0, 0) and Φ_σ (C_1(σ)) = (0, 0, 0), are hyperbolas parametrized by σ as in Fig. 1.

Proof. From the equation Z = 0 it follows that s = 0, s = 1 or q(θ) = 0. Let us first consider the case, s = 1 and X = Y = 0. It yields Q = f^+ − 1 χ + (1 − s^+) χ σ = Q_1 + v_1 σ , (35)

Figure 1: Hyperbolas for s^− = 0 and s^− = 1.

θ = θ^+ + η(1 − s^+) χ + ( η(f^+ − 1) χ ) 1 σ = θ_2 + v_2 1 σ . (36)

Eliminating σ in (35)-(36) we obtain

(Q − Q_1)(θ − θ_2) = v_2v_1 = − η(1 − s^+)(1 − f^+) χ^2 < 0, which is clearly a hyperbola with asymptotes θ = θ_2 and Q = Q_1.

In the same way the equations s = 0 and X = Y = 0 implies that Q = f^+ χ − s^+ χ σ = Q_3 + v_3 σ , (37)

θ = θ^+ − ηs^+ χ + ( ηf^+ χ ) 1 σ = θ_4 + v_4 1 σ . (38)

Therefore, (Q − Q_3)(θ − θ_4) = v_3v_4 = − ηs^+f^+ χ^2 < 0 . The parametric form of the two branches of the hyperbola, in each case, follows from (35)-(36) and (37)-(38), respectively.

Remark 3 Lemma 1 shows that for each σ ∈ R, σ ≠ 0, the vector field Φ_σ has only one equilibrium point on the plane s = 0 and only one equilibrium on the plane s = 1.

Remark 4 When σ → ∞ we easily have the following limits along curve C_1, Q^−(σ) → ∞ and θ^−(σ) → θ^+ + η(1 − s^+)/χ; along curve C_0 we have θ^−(σ) → θ^+ − ηs^+/χ.

In order to understand the structure of the singular point U^+ = (s^+, θ^+, 0), which is an equilibrium of Φ_σ for all σ ∈ R, we consider the function

F (s, θ, Q) = (f − f^+ + χQ)(θ^+ − θ) − ηQ(s^+ − s)

obtained from the elimination of σ in the equations X = 0 and Y = 0 in (28)-(29).

Lemma 2 The set S = {(s, θ, Q) | F (s, θ, Q) = 0} is a regular surface away from the point U^+. It contains the curves C_0 and C_1 as described in Lemma 1. The topological structure of S near U^+ is of an index-2 Morse singular point (cone).

Proof. A direct calculation at the point (s^+, θ^+, 0) gives F = ∂F ∂s = ∂F ∂θ = ∂F ∂Q = 0. Also,

Hessian(F, (s^+, θ^+, 0)) = 0 −f^+_s η −f^+_s −2f^+_θ −χ η −χ 0 , (39)

where f^+_s =^{∂f}_{∂s} (s^+, θ^+) > 0 and f^+_θ =^{∂f}_{∂θ} (s^+, θ^+) > 0, as stated in the last paragraph of Section 2.

The three real eigenvalues λ_1, λ_2 and λ_3 of Hessian(F, (s^+, θ^+, 0)) satisfy the following relationships:

λ_1λ_2λ_3 = 2f^+_s ηχ + 2f_θη^2 > 0

λ_1 + λ_2 + λ_3 = −2f^+_θ < 0 .

Therefore, two eigenvalues are negative and one is positive. By Morse Lemma it follows that, locally, F^{−1}(0) has the topological structure of a cone. By Lemma 1, C_0 , C_1 ⊂ F^{−1}(0).

Lemma 3 Assume that σ > f^+_s . Then the singular point U^+ = (s^+, θ^+ = θ_0, Q^+ = 0), with 0 < s^+ < 1, is not an isolated singular point of Φ_σ . More precisely, U^+ ∈ S_σ = {(s, θ, Q) | σ =^{f +−f−χQ}_{s+−s} =^{ηQ}_{θ−θ+} , θ ≤ θ^+ } where S_σ is a regular curve ending at U^+; the tangent space at U^+ is given by the vector

v_σ = (f^+_θ η + χσ, η(σ − f^+_s ), σ(σ − f^+_s ))^T . (40)

Proof. The singular points of Φ_σ are defined by the equation X = Y = Z = 0. As 0 < s^+ < 1 it follows that Z = 0 if and only if q(θ) = 0. So θ ≤ θ^+ = θ_0. Therefore, S_σ = {(s, θ, Q) | X = Y = 0 and θ ≤ θ^+ = θ_0}. Direct calculations give v_σ = ∇X ∧ ∇Y .

Proposition 2 Suppose σ > f^+_s , with 0 < s^+ < 1. Then the line of singularities S_σ is normally hyperbolic(attracting). The stable manifold of U^+, W^S(U^+, Φ_σ) is a regular surface tangent to the sθ-plane at U^+. The center manifold of U^+, W^c(U^+, Φ_σ) is one-dimensional and tangent to v_σ at U^+. The phase portrait of Φ_σ near U^+ is sketched in Fig. 2.

Figure 2: Singular line ending at U^+. Stable manifold at U^+ and unstable manifold at U^−.

Proof. At the point U^+ = (s^+, θ^+, 0),

DΦ_σ(U^+) =

−σ + f^+_s f^+_θ χ 0 −^{σh+}_γ^{ηh+}_γ 0 0 0 , (41)

where f^+_s = f_s(s^+, θ^+), f^+_θ = f_θ(s^+, θ^+) and h^+ = h(s^+, θ^+).

The eigenvalues of DΦ_σ (U^+) are given by

λ_1 = −σ + f^+_s < 0, λ_2 = − σh^+ γ < 0 and λ_3 = 0.

The corresponding eigenvectors are v_1 = (1, 0, 0)^T , v_2 = (f^+_θ , σ−f^+_s −^{σh+}_γ , 0)^T and v_σ given in (40).

Therefore, by Invariant Manifold Theory, see [5] and [7], it follows that there exists an invariant surface (stable manifold W^s(U^+, Φ_σ)) tangent to the eigenspace spanned by {v_1, v_2} and a center manifold, W^c(U^+, Φ_σ), tangent to v_σ at U^+. Also, by continuity and Invariant Manifold Theory, it follows that S_σ is a normally (attracting) hyperbolic set with splitting defined by the eigenvectors of DΦ_σ(S_σ). As Q̇ < 0 it follows that the local region above W^s(U^+, Φ_σ) lies in the attracting basin of U^+.

Proposition 3 Suppose 0 < s^+ < 1 and σ > 0. Then the singular point U^− = (1, θ^−(σ), Q^−(σ)) is a hyperbolic singular point of Φ_σ with dim(W^s(U^−, Φ_σ)) = 2 and dim(W^u(U^−, Φ_σ)) = 1. The tangent space to the unstable manifold W^u(U^−, Φ_σ) is generated by a vector v, where v is a negative vector, i.e., the three components of v are negative. See Fig. 2.

Proof. Recall that at U^−, we have θ^− > θ^+ = θ_0 and so q(θ^−) > 0. Also,

DΦ_σ(U^−) = −σ 0 χ 0 −^{σh−}_γ^{h−η}_γ h^−q^− 0 0 ,

where h^− = h(s^−, θ^−) and q^− = q(θ^−).

The eigenvalues of DΦ_σ (U^−) are given by the equation (− σh^− γ − λ)(λ^2 + σλ − χh^−q^−) = 0.

Therefore, the eigenvalues of DΦ_σ(U^−) are

λ_1 = − σh^− γ < 0, λ_2 = −σ − √ σ^2 + 4χh^−q^− 2 < 0, λ_3 = −σ + √ σ^2 + 4χh^−q^− 2 > 0. The corresponding eigenvectors are

v_1 =(0, 1, 0)^T , v_2 =(χγ(λ_1 − λ_2), −ηh^−(σ + λ_2), γ(σ + λ_2)(λ_1 − λ_2))^T , v_3 =(χγ(λ_1 − λ_3), −ηh^−(σ + λ_3), γ(σ + λ_3)(λ_1 − λ_3))^T .

Direct calculations show that all components of v_3 are negative.

Proposition 4 Suppose 0 < s^+ < 1 and σ > f^+_s is large enough. Then a branch of W^u(Φ_σ, U^−), where U^− = (1, θ^−, Q^−), is contained in the region defined by R = {(s, θ, Q) | X(s, θ, Q) < 0, Y (s, θ, Q) < 0}. Moreover, if σ is large enough then a branch of W^u(Φ_σ , U^−) is above W^s(Φ_σ, U^+).

Proof. By Proposition 3, W^u(Φ_σ , U^−) is spanned by the negative vector v_3 = (χγ(λ_1 − λ_3), −ηh^−(σ + λ_3), γ(σ + λ_3)(λ_1 − λ_3))^T . Consider the surfaces S_2 = {(s, θ, Q) : X(s, θ, Q) = 0} and Σ = {(s, θ, Q) : Y (s, θ, Q) = −σθ + ηQ = 0}, see Fig. 3. The vector field Φ_σ = (X, Y, Z) is transversal to both surfaces and Z|_{S2} < 0 and Z|_Σ < 0, except in the singularities of this vector field. So, the region R_σ = {(s, θ, Q) : X(s, θ, Q, σ) < 0, Y (s, θ, Q, σ) < 0} is an invariant region for the flow of Φ_σ.

We have that ∇X = (f_s − σ, f_θ, χ) and ∇Y =^h_γ (0, −σ, η). At U^− ∈ S_2 ∩ Σ it follows that < ∇X, v_3 >= χγ(λ_1 − λ_3)(λ_3) < 0 and < ∇Y, v_3 >= −η(σ + λ_3)λ_3h^− < 0. Therefore, as T_U − W^u(Φ_σ, U^−) = v_3, a branch of W^u(Φ_σ, U^−) is contained in the invariant region R_σ . The portion of this region inside of the parallelepiped 0 ≤ s ≤ 1, θ^+ ≤ θ ≤ θ^−, 0 ≤ Q ≤ Q^− is shown in Fig. 3.

Now, consider the vector field Ψ 1_σ =^1_σ Φ_σ. For all σ ≠ 0, Ψ 1_σ and Φ_σ have the same orbits with the same orientation when σ > 0. Letting σ → ∞, we have that Ψ_0 = lim_{σ→∞} Ψ 1_σ is given by Ψ_0 = (s^+ − s)^∂_{∂s} +^h_γ (θ^+ − θ)^∂_{∂θ} + 0^∂_{∂Q} .

For the vector field Ψ_0 the sθ-plane is invariant and W^s(U^+, Ψ_0) = R^2 . In fact, U^+ = (s^+, θ^+, 0) is the unique singular point of Ψ_{0|Q=0} and V (s, θ) = (s − s^+)^2 + (θ − θ^+)^2 is a Liapunov function for the vector field Ψ_{0|Q=0} , [10].

By the continuity of the stable manifold it follows, for σ large enough, that W^s(Φ_σ , U^+) = W^s(Ψ 1_σ , U^+) is close to W^s(Ψ_0, U^+) in any compact region of the sθ-plane.

In fact, for any ρ > 0, the invariant surface W^s(Φ_σ, U^+) is a graph over the ball B_ρ(U^+) = {(s, θ, 0) : s^2 + θ^2 ≤ ρ^2} ⊂ R^2 × {0} and

W^s(Φ_σ, U^+) ∩ {(s, θ, Q) : s^2 + θ^2 ≤ ρ^2}

is C^1− close to B_ρ(U^+) for σ > 0 large enough and any ρ > 0.

Now, as W^s(Φ_σ, U^+) is an invariant set it follows that {(s, θ, Q) : d((s, θ, Q), W^s(Φ_σ , U^+)) > 0} ∩ R_σ is an invariant region for Φ_σ for all σ large enough. Here d(., .) means a distance with signal, positive if (s, θ, Q) is above W^s(Φ_σ, U^+) and negative otherwise.

Therefore, for σ > 0 large enough and taking ρ > 2θ^−(σ) = 2[θ_2 + v_2^1_σ ], see Eq.( 36) and Remark 4, it follows that W^u_l (U^−, Φ_σ) lies in {(s, θ, Q) : d((s, θ, Q), W^s(Φ_σ, U^+)) > 0} ∩ R_σ. As (1, θ^−, 0) ∈ B_ρ(U^+) and U^− = (1, θ^−, Q^−) is above W^s(Φ_σ, U^+) it follows that W^u_l (U^−, Φ_σ) ⊂ R_σ is above W^s(Φ_σ, U^+). This ends the proof.

Proof of Theorem 1. Consider σ > 0 large enough. According to Proposition 4, the left branch of W^u(Φ_σ, U^−) (see Fig. 2), denoted by W^u_l (Φ_σ, U^−), is contained in the invariant region R_σ, exhibited in Fig. 3, and the curve W^u_l (Φ_σ, U^−) lies above the surface W^s(Φ_σ, U^+). Thus, it follows that the ωlimit set of the orbit W^u_l (Φ_σ, U^−) is the singular point U^+. This ends the proof of Theorem 1.

Figure 3: Surface S_2 where ṡ = 0 and Σ where θ̇ = 0. Portion of the region R_σ inside of the parallelepiped 0 ≤ s ≤ 1, θ^+ ≤ θ ≤ θ^−, 0 ≤ Q ≤ Q^−.

5 Discussion

In this work we used methods of qualitative theory of ordinary differential equation applied to a mathematical model of partial differential equation describing an oxidation process in petroleum reservoirs, and we find oxidation fronts as heteroclinic connections in the ordinary differential equation. For other mathematical models and applications, see [3], [6], [8], [9] and [11].

A problem left is to show that if

σ > f^+_s = ∂f ∂s (s^+, θ^+) > 0,

then there exists a heteroclinic connection as stated in the Theorem 1. This problem is suggested by numerical evidence.

The model considered is oversimplified because we consider that all heat generated by combustion is used to warm the rock, and that the carbon dioxide generated dissolves immediately into the oil phase. We also consider that densities of oil and gas are equal. If we do not make these simplifications, the system (18)-(19) has to be augmented by one or two equations, and it becomes more difficult to apply the qualitative theory. This work is a first step in finding oxidation fronts in a more realistic model.

Acknowledgements. The authors would like to thank the hospitality

of IMPA in Rio de Janeiro, particularly during the VII Workshop on Partial Differencial Equations, in July 2001, where we presented this work. The authors are also grateful to an anonymous referee who made several critical remarks and good suggestions which were incorporated in the final version.

References

[1] Aziz, K.; Settari, A., Petroleum reservoir simulation, Elsevier Applied Science, New York, (1990).

[2] Crookston, R. B.; Culham, W. E.; Chen, W. H., A numerical simulation model for thermal recovery processes, SPEJ, (Feb. 1979), 37-58.

[3] da Mota, J. C.; Dantas, W. B.; Marchesin, D., Combustion fronts in porous media, SIAM J. Appl. Math., to appear, (2002)

[4] da Mota, J. C.; de Souza, A. J.; Marchesin, D.; Teixeira, P. W., A simplified oxidation model for two-phase flow in porous media, RETERM-Revista de Engenharia Térmica, Ed. Especial, n. 2, (2002), 9-14.

[5] Fénichel, N., Persistence and smoothness of invariant manifolds for flows, Indiana Univ. Math. 21, (1971), 543-582.

[6] Henry, D., Geometric theory of semilinear parabolic equations, Springer Verlag, Lecture Notes in Mathematics 840, (1981).

[7] Hirsch, M.; Pugh, C.; Shub, M., Invariant manifolds, Springer-Verlag, Lectures Notes in Math. 583, (1976).

[8] Marchesin, D.; Schecter, S., Geometric singular perturbation analysis of oxidation heat pulses for two-phase flow in porous media, Bulletin of the Brazilian Mathematical Society, to appear,(2002).

[9] Marchesin, D.; Schecter, S., Oxidation heat pulses in two-phase expansive flow in porous media, submitted, (2001)

[10] Sotomayor, J., Lições de equações diferenciais ordinárias, Projeto Euclides, IMPA, (1979).

[11] Taylor, M. E., Partial differential equations III, Springer-Verlag, Applied Mathematical Sciences 117, (1996).

Jesus C. da Mota Aparecido J. de Souza Inst. de Mat. e Estatística Dep. de Mat. e Estatística Universidade Federal de Goiás Universidade Federal de Campina Grande 74001-970 Goiânia-GO, Brasil 58109-970 Campina Grande-PB, Brasil

jesus@mat.ufg.br cido@dme.ufpb.br

Ronaldo A. Garcia Pedro W. Teixeira Inst. de Mat. e Estatística Centro de Pesquisas da Petrobrás/ Universidade Federal de Goiás CENPES 74001-970 Goiânia-GO, Brasil 21949-900 Rio de Janeiro-RJ, Brasil

ragarcia@mat.ufg.br pwt@cenpes.petrobras.com.br