HIGH FREQUENCY RESOLVENT ESTIMATES AND ENERGY DECAY OF SOLUTIONS TO THE WAVE EQUATION

Fernando Cardoso^∗ Georgi Vodev

Let (M, g) be an n-dimensional non-compact, connected Riemannian manifold with a Riemannian metric g of class C^∞(M) and a compact C^∞-smooth boundary ∂M (which may be empty), of the form M = X_0 ∪ X, where X_0 is a compact, connected Riemannian manifold with a metric g_{|X0} of class C^∞(X_0) with a compact boundary ∂X_0 = ∂M ∪ ∂X, ∂M ∩ ∂X = ∅, X = [r_0, +∞) × S, r_0 ≫ 1, with metric g_{|X} := dr^2 + σ(r). Here (S, σ(r)) is an n − 1 dimensional compact Riemannian manifold without boundary equipped with a family of Riemannian metrics σ(r) depending smoothly on r which can be written in any local coordinates θ ∈ S in the form

σ(r) = ∑ i,j g_{ij} (r, θ)dθ_idθ_j , g_{ij} ∈ C^∞(X).

Denote X_r = [r, +∞) × S. Clearly, ∂X_r can be identified with the Riemannian manifold (S, σ(r)) with the Laplace-Beltrami operator Δ_{∂Xr} written as follows

Δ_{∂Xr} = −p^{−1} ∑ i,j ∂_{θi} (pg^{ij}∂_{θj} ),

where (g^{ij}) is the inverse matrix to (g_{ij}) and p = (det(g_{ij} ))^{1/2} = (det(g^{ij}))^{−1/2}. Let Δ_g denote the Laplace-Beltrami operator on (M, g). We have

Δ_X := Δ_g|_X = −p^{−1}∂_r(p∂_r) + Δ_{∂Xr} = −∂^2_r − p^′ p ∂_r + Δ_{∂Xr} ,

where p^′ = ∂p/∂r. We have the identity

Δ^♯_X := p^{1/2}Δ_X p^{−1/2} = −∂^2_r + Λ_r + q(r, θ), (1)

∗Partially supported by CNPq (Brazil)

where Λ_r = − ∑ i,j ∂_{θi} (g^{ij}∂_{θj} ),

and q is an effective potential given by

q(r, θ) = (2p)^{−2} ( ∂p ∂r )_2

+ (2p)^{−2} ∑ i,j ∂p ∂θ_i ∂p ∂θ_j g^{ij} + 2^{−1}pΔ_X (p^{−1}).

We suppose that q = q_1 +q_2, where q_1 and q_2 are real-valued functions satisfying

|q_1(r, θ)| ≤ C,

∂q_1 ∂r (r, θ) ≤ Cr^{−1−δ0} , |q_2(r, θ)| ≤ Cr^{−1−δ0} , (2)

with constants C, δ_0 > 0. Denote

h(r, θ, ξ) = ∑ i,j g^{ij}(r, θ)ξ_iξ_j, (θ, ξ) ∈ T^∗S.

We also suppose that − ∂h ∂r (r, θ, ξ) ≥ C r h(r, θ, ξ), ∀(θ, ξ) ∈ T^∗S, (3)

with a constant C > 0. Note that these assumptions are fulfilled for both asymptotically Euclidean and asymptotically hyperbolic manifolds. Denote by G the selfadjoint realization of Δ_g on the Hilbert space H = L^2(M, dVol_g) with Dirichlet or Neumann boundary conditions, Bu = 0, on ∂M. Given a real s > 1/2, choose a real-valued function χ_s ∈ C^∞(M), χ_s = 1 on M \ X_{r0+1}, χ_s = r^{−s} on X_{r0+2}. Also, given a > r_0 choose a real-valued function η_a ∈ C^∞(M), η_a = 0 on M \ X_a, η_a = 1 on X_{a+1}. The following resolvent estimates are proved in [3].

Theorem 1. Assume (2) and (3) fulfilled. Then, for every s > 1/2 there exist constants C_0, C, C^′ > 0 and a > r_0 such that for z ≥ C_0, 0 < ε ≤ 1, we have the estimates ‖χ_s(G − z ± iε)^{−1}χ_s‖_{L(H)} ≤ e^{Cz1/2} , (4)

‖η_aχ_s(G − z ± iε)^{−1}χ_sη_a‖_{L(H)} ≤ C^′z^{−1/2}. (5)

Note that such estimates have first been proved by Burq [1], [2] for a class of perturbations of the Euclidean Laplacian. This kind of high-frequency resolvent estimates are very important for the study of the local energy decay of the solutions of the mixed problem for the wave equation

(∂^2_t + Δ_g)u(t, x) = 0 in R × M, Bu(t, x) = 0 on R × ∂M, u(0, x) = f_1(x), ∂_tu(0, x) = f_2(x), x ∈ M. (6)

Recall that the solutions to (6) can be expressed by the formula

u = cos ( t √ G ) f_1 + sin ( t √ G ) √ G f_2. (7)

It is not hard to deduce from (5) the following

Corollary 2. Assume (2) and (3) fulfilled, and let the functions χ_s and η_a be as in Theorem 1. Then, ∀f ∈ H, the following inequality holds:

∫_∞ 0 ‖ ‖ ‖η_aχ_s cos ( t √ G ) ϕ(G)χ_sη_af ‖ ‖ ‖^2_H dt ≤ C‖f‖^2_H , (8)

with a constant C > 0 independent of f, where ϕ ∈ C^∞(R), ϕ(σ) = 0 for σ ≤ C_0 + ε_0, ϕ(σ) = 1 for σ ≥ C_0 + 2ε_0, 0 < ε_0 ≪ 1, C_0 being as in Theorem 1.

Remark 1. If the metric g is non-trapping (i.e. every generalized geodesics leaves any compact in a finite time), then the estimate (5) holds with η_a ≡ 1 (see Theorem 1.1 in [7]). Therefore, in this case (8) holds with η_a ≡ 1.

Denote by G_0 the Dirichlet selfadjoint realization of Δ_X on H_0 = L^2(X, dVol_g). Suppose that there exist constants s > 1/2, C > 0, β ≥ −1 and 0 < μ ≤ 1 so that the following estimate holds, ∀ 0 < ε ≤ 1, ‖ ‖r^{−s}(G_0 − z ± iεz^{1/2})^{−2}r^{−s} ‖ ‖_{L(H0)} ≤ Cz^β ε^{−1+μ}. (9)

This assumption allows to improve Theorem 1 above showing that the weitghed resolvent is a Hölder function. We first have the following Proposition 3. Assume (2) and (3) fulfilled. Then, for every s > 1/2, there exist constants C, C_0 > 0 so that for z ≥ C_0, 0 < ε ≤ 1, we have ‖ ‖ ‖r^{−s}(G_0 − z ± iε)^{−1}r^{−s} ‖ ‖ ‖_{L(H0)} ≤ Cz^{−1/2}. (10)

Assume additionally (9) fulfilled. Then, for every s > 1/2, z ≥ C_0, the limit R^±_{s,0}(z) := lim_{ε→0+} r^{−s}(G_0 − z ± iε)^{−1}r^{−s} : H_0 → H_0 exists and satisfies the estimate, for C_0 ≤ z_1 ≤ z, C_0 ≤ z_2 ≤ z, ‖R^±_{s,0}(z_2) − R^±_{s,0}(z_1)‖_{L(H0)} ≤ C^′|z_2 − z_1|^{μ′} z^{β′} , (11) with a constant C^′ > 0, where 0 < μ^′ < 1 depends on s and μ, while β^′ ≥ 0 depends on s and β.

Using this proposition together with Theorem 1, one can prove the following theorem (see[4]).

Theorem 4. Assume (2), (3) and (9) fulfilled. Then, for every s > 1/2, there exist constants a > r_0 and C_0, C, C^′ > 0 so that for z ≥ C_0, the limit R^±_s (z) := lim_{ε→0+} χ_s(G − z ± iε)^{−1}χ_s : H → H exists and satisfies the estimates, for C_0 ≤ z_1 ≤ z, C_0 ≤ z_2 ≤ z, ‖R^±_s (z_2) − R^±_s (z_1)‖_{L(H)} ≤ C^′|z_2 − z_1|^{μ′} e^{Cz1/2} , (12)

‖η_aR^±_s (z_2)η_a − η_aR^±_s (z_1)η_a‖_{L(H)} ≤ C^′|z_2 − z_1|e^{Cz1/2} + C^′|z_2 − z_1|^{μ′} z^{β′} , (13) where μ^′ and β^′ are as in Proposition 3.

The estimate (9) can be easily proved in the case of asymptotically Euclidean manifolds. More precisely, instead of the assumptions (2) and (3), we make the following more restrictive assumptions: | | | | ∂^kq ∂r^k

(r, θ) | | | | ≤ Cr^{−k−δ}, k = 0, 1, (14)

with constants C > 0, 0 < δ ≤ 1. Set g^{ij}_♭ := r^2g^{ij} and denote

h^♭(r, θ, ξ) = ∑ i,j g^{ij}_♭ (r, θ)ξ_iξ_j, (θ, ξ) ∈ T^∗S.

We suppose that | | | | | ∂h^♭ ∂r (r, θ, ξ) | | | | | ≤ Cr^{−1−δ}h^♭(r, θ, ξ), ∀(θ, ξ) ∈ T^∗S, (15)

with constants C > 0, 0 < δ ≤ 1. The following proposition is proved in [4].

Proposition 5. Assume (14) and (15) fulfilled. Then (9) holds with β = 0, s = 1 + δ/2,∀ 0 < μ < δ, and C_0 being as in Proposition 3.

Remark 2. One can improve the above result if the assumption (15) is replaced by a little bit stronger one (see Proposition 1.4 of [7]). To describe it, denote

Λ^♭_r = −r^{−1} ∑ i,j ∂_{θi} ( ∂g^{ij}_♭ ∂r ∂_{θj} ) .

Let G^♯_0 be the self-adjoint Dirichlet realization of the operator Δ^♯_X (defined in (1)) on the Hilbert space H^♯_0 = L^2(X, drdθ). Instead of (15), suppose that

r^δΛ^♭_r(G^♯_0 − i)^{−1} ∈ L(H^♯_0). (16)

Then, Proposition 5 holds with β = −1.

Note that the proof of Proposition 5 is based on the estimate (10) and the fact that, because of (14) and (15), the operator 2Δ^♯_X + [r∂_r, Δ^♯_X ] is O(r^{−δ}) for r ≫ 1.

One can use Theorem 4 to extend a result by Burq [1] on the behaviour of the local energy of the solutions of (6). The following theorem is proved in [4].

Theorem 6. Under the assumptions of Theorem 4, for every s > 1/2, and ∀m > 0, the following estimate holds for t ≫ 1:

‖χ_s cos ( t √ G ) ψ(G)(G + 1)^{−m/2}χ_s‖_{L(H)} ≤ C_{m,s}(log t)^{−m}, (17)

with a constant C_{m,s} > 0, where ψ denotes the characteristic function of the interval [C_0 + ε_0, +∞), 0 < ε_0 ≪ 1.

Remark 3. It follows easily by an interpolation argument that we have analogues of (17) for 0 < s ≤ 1/2 as well, but with O_ϵ ( (log t)^{−m(2s)2 +ϵ} ) , ∀0 < ϵ ≪ 1, in place of (log t)^{−m}.

Remark 4. Clearly, the above results still hold true for the selfadjoint realization of Δ_g + V (x), where V is a real-valued potential, V (x) ≥ 0, provided the assumptions (2) and (14) are satisfied with q replaced by q + V |_X .

Remark 5. When the metric g is nontrapping it is shown in [7] that (17) holds with m = 0 and O(t^{−μ}) in the RHS, provided the function ψ is taken smooth.

Remark 6. We can take ψ ≡ 1 in Theorem 6 if the resolvent satisfies the following estimates: ‖λR^±_s (λ^2)‖_{L(H)} ≤ C,

‖λ_2R^±_s (λ^2) − λ_1R^±_s (λ^2_1)‖_{L(H)} ≤ C|λ_2 − λ_1|^μ,

for all 0 < λ, λ_1, λ_2 ≤ √ C_0, with some constants C, μ > 0, where C_0 is as in Theorem 4.

It is easy to see that a long-range perturbation of the Euclidean metric on R^n, n ≥ 2, provides an example of an asymptotically Euclidean manifold satisfying the assumptions (14) and (15), and hence the above results apply to.

More precisely, let O ⊂ R^n be a bounded domain with a C^∞-smooth boundary and a connected complement Ω = R^n \ O. Let g be a Riemannian metric in Ω of the form g = n∑ i,j=1

g_{ij}(x)dx_idx_j , g_{ij}(x) ∈ C^∞(Ω),

satisfying the estimates

|∂^α_x (g_{ij}(x) − δ_{ij} )| ≤ C_α⟨x⟩^{−γ0−|α|}, (18)

for every multi-index α, with constants C_α, γ_0 > 0, where ⟨x⟩ := (1 + |x|^2)^{1/2} and δ_{ij} denotes the Kronecker symbol. It is easy to see that (Ω, g) is isometric to a Riemannian manifold of the form described above satisfying assumptions (14) (with δ = 2) and (15) (with δ = γ_0) because of (18) and the fact that they are satisfied for the Euclidean metric on R^n.

References

[1] Burq, N., Décroissance de l’énergie locale de l’équation des ondes pour le problème extérieur et absence de résonance au voisinage du réel, Acta Math. 180 (1998), 1-29.

[2] Burq, N., Lower bounds for shape resonances widths of long-range Schrödinger operators, American J. Math., 124 (2002), 677-735.

[3] Cardoso, F.; Vodev, G., Uniform estimates of the resolvent of the Laplace- Beltrami operator on infinite volume Riemannian manifolds. II, Ann. H. Poincaré, 3 (2002), 673-691.

[4] Cardoso, F.; Vodev, G., High frequency resolvent estimates and energy decay of solutions to the wave equation, Canadian Math. Bull., to appear.

[5] Vasy, A.; Zworski, M., Semiclassical estimates in asymptotically Euclidean scattering, Commun. Math. Phys., 212 (2000), 205-217.

[6] Vodev, G., Uniform estimates of the resolvent of the Laplace-Beltrami operator on infinite volume Riemannian manifolds with cusps, Commun. Partial Diff. Equations, 27 (2002), 1437-1465.

[7] Vodev, G., Local energy decay of solutions to the wave equation for nontrapping metrics, Ark. Math., to appear.

Universidade Federal de Pernambuco Université de Nantes Departamento de Matemática Département de Mathématiques CEP. 50540-740 Recife-Pe UMR 6629 du CNRS Brazil 2, rue de la Houssinière, BP 92208 44072 Nantes Cedex 03, France E-mail: fernando@dmat.ufpe.br E-mail: vodev@math.univ-nantes.fr