Matemática Contemporânea, Vol 31, 29-52

©2006, Sociedade Brasileira de Matemática

QUARTIC DIFFERENTIAL FORMS ASSOCIATED TO COUPLES OF TRANSVERSAL NETS WITH SINGULARITIES

V. Guíñez^∗ C. Gutierrez^†

Dedicated to Renato Tribuzy on the occasion of his 60^{th} birthday

Abstract For the first–order algebraic differential equation

a4dv^4 + 4a3du dv^3 + 6a2du^2dv^2 + 4a1du^3dv + a0 du^4 = 0

subject to certain constraints, where ai = ai(u, v) with ai(0, 0) = 0 for i = 0, 1, 2, 3, 4 , we give a complete local classification of generic singularities of the family of its phase curves up to topological orbital equivalence. This equation is related to geometric objects such as curvature and asymptotic lines of surfaces immersed in R^4.

1 Introduction

Let M be a compact, connected, oriented two–manifold of class C^∞. We let

Q(M) denote the set consisting of the smooth quartic differential forms ω

defined on M which have the following property. If

(u, v)^∗ (ω) = a_4dv^4 + 4a_3dv^3du + 6a_2dv^2du^2 + 4a_1dvdu^3 + a_0du^4 (1)

is the expression of ω in a local chart (u, v) : U ⊂ M −→ R^2, then for all points

p ∈ (u, v)(U), we have that either a_i(p) = 0 for i = 0, 1, 2, 3, 4 , or

J(p) = | | | a_0 a_1 a_2 a_1 a_2 a_3 a_2 a_3 a_4

| | |(p) = 0 (2)

∗ The first author was supported in part by FONDECYT Grant #1050036. †The second author was supported in part by by FAPESP Grant 03/03107-9 and by CNPq Grants #470957/2006–9 and #306328/2006–2, Brazil.

with

H(p) = | | | a_2 a_3 a_3 a_4 | | |(p) < 0 and I(p) = (a^4 a^0 − 4 a^1 a^3 + 3 a^2)(p) > 0 . (3) For these quartic differential forms ω, the points p for which ω(p) ≡ 0 are called singular points of ω. The remaining points, or in other words those that are not singular, are called regular points of ω. Conditions (2) and (3), which hold over the regular points p of ω , imply that ω(p)^{−1} (0) is the union of four distinct lines, say L_1(ω)(p), L_2(ω)(p), L_3(ω)(p), L_4(ω)(p) of the tangent space T_pM . (See [B-P].) In general, these line fields do not define foliations over the set of regular points of ω. However, as a consequence of condition (2), these lines may be grouped in a couple of pairs, say N_1(ω) = {L_1(ω), L_2(ω)} and N_2(ω) = {L_3(ω), L_4(ω)}, so that each N_i(ω), with i = 1, 2, defines a net.

Associated with each ω ∈ Q(M) and each point p of M there are local coordinates (u, v) where ω has the simple form

(u, v)^∗ (ω) = 4a (du^2 − dv^2)dudv + b (du^4 − 6du^2dv^2 + dv^4) . (4)

In these coordinates, we have

b · (u, v)^∗ (ω) = ω^+ · ω^−

where ω^± = b (dv^2 − du^2) + 2 (−a ± √ a^2 + b^2) du dv .

Observe that the quadratic forms ω^− and ω^+ are positive, or in other words at each point p, either the set (ω^± (p))^{−1} (0) consists of two transversal lines, or ω^± (p) ≡ 0. (See for example [Gui1], [Gui2].) However, these quadratic forms are not differentiable at the singular points of the quartic. Further generically, each singular point p of the quartic ω is the center of a smooth curve γ :

[−1, 1] → M such that γ(0) = p and that γ(t) is a singular point of the quadratic ω^+ (resp. ω^− ), for all t ≥ 0 (resp. t ≤ 0). The nets N_1(ω) and N_2(ω) correspond to the configuration of ω^− and the configuration of ω^+, respectively.

This type of quartic differential forms is related to principal curvature lines of surfaces immersed in R^4. In fact, the principal directions at a point p are obtained by solving an equation ω(p) = 0, with ω ∈ Q(M). Conversely, given an ω ∈ Q(M), with analytic coefficients a_i, and a point p ∈ M, there exists an immersion f : V → R^4, where V is some small open neighborhood of p so that the differential equation of the principal lines of curvature of f is given by ω/V = 0. (See [GST], [GT1], [GT2], [GG], [Ga-S], [RS1], [RS2].) Further, these quartics are related to the first–order algebraic differential equation

a_4(u, v)( dv du )^4 + 4a_3(u, v)( dv du )^3 + 6a_2(u, v)^( dv du )^2 + 4a_1(u, v)( dv du ) + a_0(u, v) = 0 ,

which is singular at (u, v) = (0, 0) , subject to the constraints given by equations (2) and (3) . (See [BB], [Poi] [Mat].)

Globally, the quartic differential forms considered in this work are much more general than those forms associated to principal directions. Notwithstanding, we show that their generic singularities behave like the case of differential equations of principal directions. Thus all of the local results of [GT1], [GT2], [GG], [Ga-S] are applicable to the nets associated to an ω ∈ Q(M).

The article is organized as follows:

Section 2 is devoted to showing that conditions (2) and (3) are preserved by changes of coordinates. We establish the existence of local coordinates (u, v) where ω ∈ Q(M) has the simple form (4).

In Section 3, we introduce the simple singular points. We show that the set of those ω ∈ Q(M) whose singular points are all simple is open and dense in Q(M), where the set Q(M) is considered endowed with the smooth Whitney topology. We give the local configuration of the nets N_1(ω) and N_2(ω) around this type of points, and we characterize those singular points which are locally stable.

In Section 4, we show that a non–locally stable simple singular point is of codimension one or two, and we give its corresponding versal unfolding.

2 Preliminaries

We begin by showing that the coefficients a_0, ..., a_4 of the local expression of ω ∈ Q(M) in local coordinates (u, v) satisfy relationships similar to those in the case of curvature lines of surfaces immersed in R^4. (See [Ga-S, Lemma 2.1].)

Proposition 2.1. Condition (2) holds if and only if there exist smooth functions E, F, G : (u, v)(U) −→ R such that (E, F, G)(p) ≠ (0, 0, 0) , for all p ∈ (u, v)(U), and furthermore that

Ea_2 = −Ga_0 + 2F a_1 , E^2a_3 = −2F Ga_0 + (4F^2 − EG)a_1 , (5) E^3a_4 = G(EG − 4F^2)a_0 + 4F (2F^2 − EG)a_1 .

Moreover, if condition (2) holds, then condition (3) holds if and only if E G − F^2 is positive.

Proof. Since J = 0 there exist smooth functions E, F, G : (u, v)(U) −→ R, with (E, F, G) ≠ (0, 0, 0) , so that Ga_0 − 2F a_1 + Ea_2 = 0 , Ga_1 − 2F a_2 + Ea_3 = 0 , (6) Ga_2 − 2F a_3 + Ea_4 = 0 .

Observe that the first relationship of (6) corresponds to the first relationship of (5), the second relationship of (6) multiplied by E corresponds to the second relationship of (5), and the last relationship of (6) multiplied by E^2 corresponds to the last relationship of (5) . Using relationships (5), we find

E^3 (H, I) = G^2 (Ea^2_1 − 2F a_0a_1 + Ga^2_0) (−1, 4(EG − F^2)) . (7) Therefore EG − F^2 > 0 imply H < 0 and I > 0 . To obtain the converse is sufficient to prove that relationship (6), H < 0 and I > 0 imply E ≠ 0. If E = 0 we have G(a_0, a_1, a_2) = 2F (a_1, a_2, a_3). Then F = 0 (resp. G = 0) implies G ≠ 0 (resp. F ≠ 0) and (a_0, a_1, a_2) = (0, 0, 0) (resp. (a_1, a_2, a_3) = (0, 0, 0)), which implies I = 0 (resp. H = 0). Hence E = 0 implies F G ≠ 0 and (a_1, a_2, a_3) = G 2F a_0 ( 1,^G_{2F} ,

(_G 2F )_2) , which implies (H, I) = a_0 ( a_4 −

(_G 2F )_2) ( (_G 2F )_2 , 1 ) , that is impossible.

The following shows that the definition of the set Q(M) is independent of the coordinates chosen.

Proposition 2.2. Conditions (2) and (3) are preserved by changes of coordinates.

Proof. Assume that

(u, v)^∗ (ω) = a_4dv^4 + 4a_3dv^3du + 6a_2dv^2du^2 + 4a_1dvdu^3 + a_0du^4 and that there exist smooth functions E, F, G : (u, v)(U) −→ R so that both EG − F^2 and E are positive, and relationships (5) hold. If u = f(x, y) , v = g(x, y) is a coordinate change and

(x, y)^∗ (ω) = b_4dy^4 + 4b_3dy^3dx + 6b_2dy^2dx^2 + 4b_1dydx^3 + b_0dx^4 , then

b_0 = (f^4_x − (6f^2_x Gg^2_x)/E − (8F f_xGg^3_x)/E^2 + (G((−4F^2)/E^2 + G/E)g^4_x)/E)a_0 + (f^3_x g_x + (3F f^2_x g^2_x)/E + f_x((4F^2)/E^2 − G/E)g^3_x + (F ((2F^2)/E^2 − G/E)g^4_x)/E)a_1 and b_1 = (4f^3_x f_y − (12f_xf_yGg^2_x)/E − (8F f_yGg^3_x)/E^2 − (12f^2_x Gg_xg_y)/E −(24F f_xGg^2_xg_y)/E^2 + (4G((−4F^2)/E^2 + G/E)g^3_xg_y)/E)a_0 + (3f^2_x f_yg_x + (6F f_xf_yg^2_x)/E + f_y((4F^2)/E^2 − G/E)g^3_x + f^3_x g_y + (6F f^2_x g_xg_y)/E + 3f_x((4F^2)/E^2 − G/E)g^2_xg_y + (4F ((2F^2)/E^2 − G/E)g^3_xg_y)/E)a_1 .

Setting Ẽ = E(f_x)^2 + 2F f_xg_x + G(g_x)^2 , F̃ = Ef_xf_y + F (f_xg_y + f_yg_x) + Gg_xg_y , G̃ = E(f_y)^2 + 2F f_yg_y + G(g_y)^2

we have ẼG̃ − F̃^2 = (EG − F^2)(f_xg_y − f_yg_x)^2, and thus we again obtain the relationships Ẽb_2 = − G̃b_0 + 2F̃ b_1 Ẽ^2b_3 = −2 F̃ G̃b_0 + (4F̃^2 − ẼG̃)b_1 , Ẽ^3b_4 = G̃(ẼG̃ − 4 F̃^2)b_0 + 4F̃ (2F̃^2 − ẼG̃)b_1 .

The Proposition results from these facts.

We next show the existence of local coordinates (u, v) where ω ∈ Q(M) takes a very simple form. In the case of curvature lines, these coordinates correspond to the isothermal coordinates.

Proposition 2.3. Given ω ∈ Q(M) and p ∈ M, there exist an open neighborhood U of p in M and a local chart (u, v) : U ⊂ M −→ R^2 such that (u, v) ∗ (ω) = 4a(du^2 − dv^2)dudv + b(du^4 − 6du^2dv^2 + dv^4) . (8) Proof. First observe that taking F = 0 and E = G in (5), the local expression (1) has the form (8). Hence, given a local chart (u, v) at p and associated (smooth) maps E, F, G to the quartic differential form ω , it suffices to find a (smooth) coordinate change u = f(x, y) , v = g(x, y) so that, in a neighborhood of the origin, we have Ef_xf_y + F (f_xg_y + f_yg_x) + Gg_xg_y = 0 and E(f_x)^2 + 2F f_xg_x + G(g_x)^2 = E(f_y)^2 + 2F f_yg_y + G(g_y)^2 .

Therefore, the problem is equivalent to finding isothermal coordinates in a neighborhood of a point of a surface. (See [Spi, Vol. IV, Addendum 1 of Chapter 9].) The conclusion follows.

3 Simple singular points

Let ω be a quartic differential form in Q(M), and let p be a singular point of ω. Assume that (1) is the local expression of ω in a chart (u, v) : (M, p) → (R^2, 0) with coefficients a_0, a_1, a_2, a_3, a_4 satisfying relationships (5). The point p is called a simple singular point of ω if {a_0 = 0} and {a_1 = 0} are regular curves meeting each other transversally at the origin.

The next two results, Lemma 3.1 and Proposition 3.2, which we state without proof correspond to Lemma 3.2 and Proposition 3.1 of [GT1]. Lemma 3.1. Let ω ∈ Q(M), and let p ∈ M be a simple singular point of ω. There are coordinates (u, v) : (M, p) → (R^2, 0) such that the quartic differential form ω in these coordinates is of the form

(u, v)∗(ω) = 4(Au+Bv+S)(du^2 −dv^2)dudv+(v+R)(du^4 −6du^2dv^2 +dv^4) (9)

where A ≠ 0 and B are real numbers, and S = S(u, v) and R = R(u, v) are real–valued functions which satisfy

S(0, 0) = R(0, 0) = ∂S ∂u (0, 0) = ∂S ∂v (0, 0) = ∂R ∂u (0, 0) = ∂R ∂v (0, 0) = 0 .

For the rest of the article, we henceforth endow the set Q(M) with the smooth Whitney topology.

Proposition 3.2. The set of quartic differential forms ω ∈ Q(M) whose singular points are simple is dense in Q(M).

Each simple singular point of a quartic differential form ω ∈ Q(M) has a smooth continuation in a neighborhood of ω. We explain this fact in the next Proposition.

Proposition 3.3. Let p_0 be a simple singular point of a quartic differential form ω_0 ∈ Q(M). Then there exist a neighborhood U of p in M, a neighborhood V of ω_0 in Q(M), and a smooth map P : V → U which associates each ω ∈ V with the unique singular point of ω in U. Furthermore, the singular point P (ω) is simple.

Proof. The local expression of a quartic differential form ω in Q(M) associated to an arbitrary chart (u, v) is given by

(u, v) ∗ (ω) = (A_{40}a_0 + A_{41}a_1)dv^4 + (A_{30}a_0 + A_{31}a_1)dv^3du +(A_{20}a_0 + A_{21}a_1)dv^2du^2 + a_1dvdu^3 + a_0du^4 (10) where a_0 = a_0(u, v) , a_1 = a_1(u, v) , and A_{ij} = A_{ij} (u, v) , for i = 2, 3, 4 and j = 0, 1 , are smooth functions. Moreover, the singular points of ω are given by the equations a_0 = a_1 = 0 .

Consider a local chart (u, v) : (M, p) −→ (R^2, 0) such that the local expression ω_0 is of the form (9). Therefore, A ≠ 0 . For ω in a neighborhood Ṽ of ω_0 in N (M) , the local expression in the same coordinates is of the form (10), where a_0(ω_0)(u, v) = v + R(u, v) and a_1(ω_0)(u, v) = 4(Au + Bv + S(u, v)) .

Consider next the smooth map F : Ṽ × R^2 −→ R^2 defined by

F (ω, (u, v)) = (a_0(ω)(u, v), a_1(ω)(u, v)) .

Since F (ω_0, (0, 0)) = (0, 0) , and since the matrix

D_2 F (ω_0, (0, 0)) = ( 4A 4B 0 1 )

is non–singular, there exist a neighborhood Ũ of (0, 0) in R^2 , a neighborhood V ⊂ Ṽ of ω_0 in Q(M), and a smooth map Q : V → Ũ such that Q(ω_0) = (0, 0) and F (ω, Q(ω)) = (0, 0) , for all ω ∈ V. The proof now follows.

The next two results are contained in [GG, Theorem 1.1]. We do not give their proofs.

Theorem 3.4. Let ω ∈ Q(M), and let p ∈ M be a simple singular point of ω. Let (u, v) : (M, p) −→ (R^2, 0) be a local chart such that

(u, v)∗(ω) = 4(Au+Bv+S(u, v))(du^2−dv^2)dudv+(v+R(u, v))(du^4−6du^2dv^2+dv^4)

where A ≠ 0 and B are real numbers, and S(u, v) and R(u, v) are real–valued functions which satisfy

S(0, 0) = R(0, 0) = ∂S ∂u (0, 0) = ∂S ∂v (0, 0) = ∂R ∂u (0, 0) = ∂R ∂v (0, 0) = 0.

Then, under each of the conditions (a) through (e), the corresponding phase portrait is obtained by making into one, through a rigid translation, the pair of pictures (that is, nets) of the indicated figure.

(a) Condition H_3 : Δ < 0 . ( Figure 1 )

(b) Condition H_4 : Δ > 0, A < 0 and A ≠ −1/4 . ( Figure 2 )

(c) Condition H_5 : Δ > 0, A > 0 . ( Figure 3 )

(d) Condition H_{34}: Δ > 0 and A = −1/4 and B ≠ 0. ( Figure 4 )

(e) Condition H̃_3: A = −1/4 and B = 0. ( Figure 5 )

Here

Δ = 16[4(1 + B^2)^3 + 24(1 + B^2)^2A + 8(5 − B^2)(1 + B^2)A^2 + (11) 4(9 + B^2)A^3 + (17 + 4B^2)A^4 + 4A^5] .

Figure 1

Figure 2

Figure 3

Figure 4

Figure 5

Definition 3.5. Let p be a singular point of a quartic differential form ω ∈ Q(M). We will say that ω is locally topologically stable at p when both nets N_1(ω) and N_2(ω) are locally topologically stable at p.

Theorem 3.6. Let ω ∈ Q(M), and let p ∈ M be a simple singular point of ω . Consider a local chart (u, v) : (M, p) −→ (R^2, 0) as in Theorem 3.4 . Then ω is locally topologically stable at p if and only if either condition H_3, or condition H_4 , or condition H_5 holds.

4 Non–locally stable simple singular points

In this section, we obtain versal unfoldings of the singular points H_{34} and H̃_3, thus showing that the former is of codimension one, and the latter is of codimension two. For this, we need the following characterization of simple singular points.

Proposition 4.1. Let p be a simple singular point of ω ∈ Q(M). Consider a local chart (u, v) : (M, p) → (R^2, 0) such that the local expression of ω at p is of the form

(u, v) ∗ (ω) = 4(Au + Bv + S(u, v))(du^2 − dv^2)dudv + (v + R(u, v))(du^4 − 6du^2dv^2 + dv^4) . (12)

Consider also the separatrix polynomial

g(s) = −s Q(s) (13)

where Q(s) = s^4 − 4Bs^3 − 2(3 + 2A)s^2 + 4Bs + 1 + 4A .

Then the point p is:

a) a locally stable singular point if the separatrix polynomial (13) has only simple roots;

b) an H_{34}−singular point if the separatrix polynomial (13) has a root of multiplicity two;

c) an H̃_3−singular point if the separatrix polynomial (13) has a root of multiplicity three.

Proof. This is a direct consequence of Theorems 3.4 and 3.6 , and the result [GG, Theorem 5.3].

The notion of equivalence of families of quartic differential forms in Q(M) used in this article is the following.

Definition 4.2. Consider two smooth families (ω_μ ) and (v_μ ) in Q(M) with (the same) parameter μ ∈ R^k. Let N_1(ω_μ ) and N_2(ω_μ ) (resp. N_1(v_μ ) and N_2(v_μ )) be the nets associated to ω_μ (resp. v_μ ). The families (ω_μ ) and (v_μ ) are called equivalent (over the identity) if for every μ ∈ R^k, the nets N_i(ω_μ ) and N_i(v_μ ) are topologically equivalent, with i = 1, 2.

The problems in this section are local problems around a simple singular point. Thus we will work with quartic differential forms in Q(R^2). Our next result gives a normal form for these quartics at a simple singular point.

Proposition 4.3. If (0, 0) is a simple singular point of ω ∈ Q(R^2), then there exists a local chart (u, v) such that

(u, v) ∗ (ω) = 4(Au + Bv)(du^2 − dv^2)dudv + v(du^4 − 6du^2dv^2 + dv^4) + A_4(u, v)dv^4 + A_3(u, v)dv^3du + A_2(u, v)dv^2du^2 + A_1(u, v)dvdu^3 + A_0(u, v)du^4 (14) where A ≠ 0 and A_i(0, 0) =

∂A_i ∂u (0, 0) =

∂A_i ∂v (0, 0) = 0 , for i = 0, 1, 2, 3, 4.

Proof. We refer the reader to [Ga-S, Proposition 3.1] for a proof.

A consequence of Proposition above, is that the phase portrait of the nets N_1(ω) and N_2(ω) at a small neighborhood of a simple singular point p is determined by the linear part of ω at p.

Our next result asserts that for a smooth family ω(μ) in Q(R^2) such that ω(0) has a simple singular point at the origin, without loss of generality we may assume that the origin is a singular point of ω(μ), for small | μ |. Here is a precise statement.

Lemma 4.4. Let ω(μ) , with parameter μ ∈ R^k , be an arbitrary smooth family of quartic differential forms in Q(R^2) such that ω(0) has a simple singular point at the origin. Let (u, v) : (U, (0, 0)) −→ (R^2, (0, 0)) be a local chart. Then there exists a change of coordinates of the form (x, y, μ) = (h(u, v, μ), μ) such that, for each μ with small | μ |, the origin is a singular point of the quartic

(x, y)^∗ (ω(μ)) .

Proof. Assume that

ω(μ) = a_4 dv^4 + a_3 dv^3du + a_2 dv^2du^2 + a_1 dvdu^3 + a_0 du^4 (15)

with a_i = a_i(u, v, μ) , for i = 0, 1, 2, 3, 4 .

By hypothesis we have that (a_0, a_1)((0, 0), ¯0)) = (0, 0) , and that

D_1(a_0, a_1) ((0, 0), ¯0) = ( a_{01} a_{02} a_{11} a_{12} )

is non–singular.

Since the map (a_0, a_1) : R^2 × R^k → R^2 is smooth, it follows from the implicit function theorem that there exists a smooth map S defined on a small neighborhood of ¯0 ∈ R^k so that S(¯0) = (0, 0) and

(a_0, a_1)(S(μ), μ) = (0, 0)

for all μ in such a neighborhood. Using the change of coordinates

(x, y, μ) = (u, v, μ) − (S(μ), ¯0) we obtain the Lemma.

Our next result shows that the normal form (14) also holds for families in Q(R^2) which pass through a quartic having a simple singular point.

Lemma 4.5. Let (ω(μ)), with parameter μ ∈ R^k, be an arbitrary smooth family in Q(R^2), such that ω(0) has a simple singular point at the origin. Then there exits a local chart ϕ : (U × V, ((0, 0), ¯0)) → (R^2 × R^k, ((0, 0), ¯0)) of the form ϕ(p, μ) = (u(p, μ), v(p, μ), μ), with ϕ(p, ¯0) = (u(p), v(p), ¯0) for all p ∈ U_0, such that in the chart ϕ_μ : (U_0, p(μ)) → (R^2, (0, 0)) defined by ϕ_μ (p) = ϕ(p, μ) for all μ ∈ V, the local expression of ω(μ) is ϕ^∗_μ (ω(μ)) = 4(A(μ)u + B(μ)v)(du^2 − dv^2)dudv + v(du^4 − 6du^2dv^2 + dv^4) + A_4(μ)(u, v)dv^4 + A_3(μ)(u, v)dv^3du + A_2(μ)(u, v)dv^2du^2 + A_1(μ)(u, v)dvdu^3 + A_0(μ)(u, v)du^4 (16) with A_i(μ)(0, 0) =

∂A_i ∂u (μ)(0, 0) =

∂A_i ∂v (μ)(0, 0) = 0, for i = 0, 1, 2, 3, 4.

Proof. For μ in a neighborhood V of the origin in R^k, there exists local chart (s, t, μ) such that the local expression of ω(μ) is 4(Ã(μ)s + B̃(μ)t)(ds^2 − dt^2)dsdt + (C̃(μ)s + D̃(μ)t)(ds^4 − 6ds^2dt^2 + dt^4) + Ã_4(μ)(s, t)dt 4 + Ã_3(μ)(s, t)dt 3ds + Ã_2(μ)(s, t)dt 2ds2 + Ã_1(μ)(s, t)dtds 3 + Ã_0(μ)(s, t)ds 4

where A = Ã(0) ≠ 0, C̃(0) = 0, D̃(0) = 1, and Ã_i(μ)(0, 0) =

∂Ã_i ∂s (μ)(0, 0) = ∂Ã_i ∂t (μ)(0, 0) = 0, for i = 0, 1, 2, 3, 4 .

Let L_{(α,β)} : R^3 → R^3, with parameter (α, β) ∈ R^2, be the family of linear isomorphisms such that the inverse of L = L_{(α,β)} is given by

L^{−1} (s, t, μ) = ((1 + α)s − βt, βs + (1 + α)t, μ) .

Observe that for all (α, β) ∈ R^2, the map L_{(α,β)} is a linear rotation at the first two coordinates. Therefore, in the chart (s, t, μ) = ((1 + α)u − βv, βu + (1 + α)v, μ) the local expression of ω(μ) is given by (u, v)^∗ (ω(μ)) = 4(A(μ)u + B(μ)v)(du^2 − dv^2)dudv +(C(μ)u + D(μ)v)(du^4 − 6du^2dv^2 + dv^4)+ A_4(μ)dv^4 + A_3(μ)dv^3du + A_2(μ)dv^2du^2 + A_1(μ)dvdu^3 + A_0(μ)du^4 with A_i(μ)(0, 0) =

∂A_i ∂u (μ)(0, 0) =

∂A_i ∂v (μ)(0, 0) = 0, for i = 0, 1, 2, 3, 4.

To complete the proof, it suffices to show that there exists (α, β) = (α(μ), β(μ)) so that (C(μ), D(μ)) ≡ (0, 1), for μ ∈ V sufficiently close to ¯0 . In fact, C(μ) = 4(1 + α)^4Ã(μ)β + 4(1 + α)^3B̃(μ)β^2 − 4(1 + α)^2Ã(μ)β^3 − 4(1 + α) B̃(μ)β^4 + (1 + α)^4βD̃(μ) − 6(1 + α)^2β^3D̃(μ) + β^5D̃(μ) + (1 + α)^5C̃(μ) − 6(1 + α)^3β^2C̃(μ) + (1 + α)β^4C̃(μ) and D(μ) = 4(1 + α)^4B̃(μ)β − 4(1 + α)^3Ã(μ)β^2 − 4(1 + α)^2B̃(μ)β^3 + 4(1 + α) Ã(μ)β^4 + (1 + α)^5D̃(μ) − 6(1 + α)^3β^2D̃(μ) + (1 + α)β^4D̃(μ) − (1 + α)^4βC̃(μ) + 6(1 + α)^2β^3C̃(μ) − β^5C̃(μ) .

If C̃(μ) = 0 , then D̃(μ) ≠ 0 . We may set β = 0 and 1 + α =^1_{D̃(μ) 15} · Then C(μ) = 0 and D(μ) = 1.

If C̃(μ) ≠ 0 , we set 1 + α = m β , with m a real root of the equation C̃(μ)x 5 + 2 (2B̃(μ) − 3 C̃(μ))x 4 + 2 (2B̃(μ) − 3 C̃(μ))x 3 − 2 (2Ã(μ) + 3D̃(μ))x^2 + (C̃(μ) − 4 B̃(μ))x + D̃(μ) = 0 .

Then C(μ) = 0 , and we are under the condition of the first case. The proof now follows.

To obtain a versal unfolding for a simple singular point, we will need the following.

Lemma 4.6. Let (ω(μ)) , with parameter μ ∈ R^k, be an arbitrary smooth family in Q(R^2) such that ω(0) has a simple singular point at the origin. Consider a local chart (u, v, μ) as in Lemma 4.5 such that, in this chart, our family has the local expression

ω(μ) = 4(A(μ)u + B(μ)v)(du^2 − dv^2)dudv + v(du^4 − 6du^2dv^2 + dv^4) + A_4(μ)(u, v)dv^4 + A_3(μ)(u, v)dv^3du + A_2(μ)(u, v)dv^2du^2 + A_1(μ)(u, v)dvdu^3 + A_0(μ)(u, v)du^4 (17) where A_i(μ)(0, 0) =

∂A_i ∂u (μ)(0, 0) =

∂A_i ∂v (μ)(0, 0) = 0, for i = 0, 1, 2, 3, 4.

Then, for small | μ |, the family (ω(μ)) is equivalent to the family

ω̃(μ) = 4(A(μ)u + B(μ)v)(du^2 − dv^2)dudv + v(du^4 − 6du^2dv^2 + dv^4) . (18)

Proof. The Lemma is clear from the fact that both families have the same linear part at the origin.

We next give a versal unfolding for singular points of type H_{34} .

Lemma 4.7. Let ω ∈ Q(R^2) be a quartic with the origin an H_{34}−singular point. Then there exist coordinates (u, v) such that the local expression of ω is of the form (12), with A ≠ − 1 4 · Proof. Consider a local chart (u, v) such that the local expression of ω at the origin is of the form (12). Then A = − 1 4 if and only if the root of multiplicity two of the polynomial g(s) is s = 0. Now if A = − 1 4 and s_0 is a simple root of g(s) , then we make a rotation which sends s_0 over s = 0. In the resulting chart, the local expression of ω is also of the form (12). Hence, the corresponding coefficient A ≠ − 1 4 , which completes the proof.

Theorem 4.8. A versal unfolding of an H_{34}−singular point is the family of quartic υ(λ) , with λ ∈ R, given by

υ(λ) = 4 (( λ − 125 32 ) u + 51 32 v ) (du^2 − dv^2)dudv + v (du^4 − 6du^2dv^2 + dv^4) .

Proof. Let (ω(μ)) , with parameter μ ∈ R^k, be an arbitrary smooth family in Q(R^2) so that ω(0) has an H_{34}−singular point at the origin. By Lemmas 4.6 and 4.7 we may suppose that

ω(μ) = 4(A(μ)u + B(μ)v)(du^2 − dv^2)dudv + v(du^4 − 6du^2dv^2 + dv^4)

with A(0) ≠ −^1_4 · Consider the real–valued function ψ defined on a neighborhood of the origin of R^k by

ψ(μ) = 16 [4(1 + B(μ)^2)^3 + 24(1 + B(μ)^2)^2A(μ) + 8(5 − B(μ)^2)(1 + B(μ)^2)A(μ)^2 + 4(9 + B(μ)^2)A(μ)^3 + (17 + 4B(μ)^2)A(μ)^4 + 4A(μ)^5] .

Then the unfolding induced by ψ from the family (υ(λ))_{λ∈R} is

υ̃(μ) = 4 (( ψ(μ) − 125 32 ) u + 51 32 v ) (du^2−dv^2)dudv+v (du^4−6du^2dv^2+dv^4) .

Since the discriminant (11) associated to the family (ω(μ)) is Δ(μ) = ψ(μ), and since the discriminant associated to the family (υ̃(μ)) is of the form Δ̃(μ) = ψ(μ) h(ψ(μ)) where h(x) is a degree 4 polynomial with h(0) > 0, both families are equivalent for small |μ| . The proof is now complete.

We now consider the singular points of type H̃_3 .

Theorem 4.9. A versal unfolding of an H̃_3−singular point is the family of quartic υ(λ), with λ = (λ_1, λ_2) ∈ R^2, given by υ(λ) = 4 (( λ_1 − 1 4 ) u + λ_2 v ) (du^2 − dv^2)dudv + v (du^4 − 6du^2dv^2 + dv^4) .

Proof. Let (ω(μ)) , with parameter μ ∈ R^k, be an arbitrary smooth family in Q(R^2) so that ω(0) has an H̃_3−singular point at the origin. By Lemma 4.6 we may suppose

ω(μ) = 4(A(μ)u + B(μ)v)(du^2 − dv^2)dudv + v(du^4 − 6du^2dv^2 + dv^4) with A(0) = −^1_4 and B(0) = 0 . Let us consider the real bi–valued function ψ defined on a neighborhood of the origin of R^k by ψ(μ) = (A(μ), B(μ)) .

Then the unfolding induced by ψ from the family (υ(λ))_{λ∈R} 2 is υ̃(μ) = 4 (( A(μ) − 1 4 ) u + B(μ) v ) (du^2−dv^2)dudv+v (du^4−6du^2dv^2+dv^4) .

Since the discriminant (11) associated to the family (ω(μ)) is equal to that associated to the family (υ̃(μ)), for every μ, we conclude that both families are equivalent. The proof is now complete.

The next two theorems give the bifurcation diagrams of these types of singular points.

Theorem 4.10. Consider the one–parameter family of quartic ω(λ) given by ω(λ) = 4 (( λ − 125 32 ) u + 51 32 v ) (du^2 − dv^2)dudv + v (du^4 − 6du^2dv^2 + dv^4) .

Then, for all values of λ, the origin is a singular point of ω(λ). Moreover, for small | λ |, the origin is of type H_3 for λ < 0, of type H_{34} for λ = 0, and of type H_4 for λ > 0.

Proof. Since the associated discriminant is Λ = λ 8192

(6640625 − 48348750λ + 30426304λ^2 − 6680064λ^3 + 524288λ^4) , the proof follows.

Theorem 4.11. Consider the two–parameter family of quartic ω(λ), with λ = (λ_1, λ_2) ∈ R^2, given by ω(λ) = 4 (( λ_1 − 1 4 ) u + λ_2 v ) (du^2 − dv^2)dudv + v (du^4 − 6du^2dv^2 + dv^4) .

Then the origin is a singular point for all values of λ = (λ_1, λ_2). Moreover, for small | λ |, we have that:

i) The origin is of type H_3 if Λ < 0.

ii) The origin is of type H_{34} if Λ = 0 and λ_1 ≠ 0, or if λ_1 = 0 and λ_2 ≠ 0. iii) The origin is of type H_4 for Λ > 0 and λ_1 ≠ 0. iv) The origin is of type H̃_3 for λ = (λ_1, λ_2) = (0, 0).

Here Λ = 1 4 (625 λ_1 + 1200 λ_2 + 1376 λ^3_1 + 768 λ^4_1 + 256 λ^5_1 + 125 λ^2 + 2080 λ_1 λ^2 + 1952 λ^2_1 λ^2 + 256 λ^4_1 λ^2 + 352 λ^4_2 + 1792 λ_1 λ^4_2 −512 λ^2_1 λ^4_2 + 256 λ^6_2) .

Figure 6 λ_1 λ_2

Λ < 0

Λ > 0

Λ = 0

Proof. For the proof, it suffices to observe that the corresponding values of A and B are A = λ_1 − 1 4 and B = λ_2 .

Acknowledgement. The authors want to thank the referee for his/her comments which helped us improve the paper.

References

[B-P] Burnside, W. S.; Panton, A. W., The Theory of Equations, Dover Publications, Inc., New York, 1912.

[BB] Briot, C.; Bouquet, T., Intégrations des équations différentielles au moyen des fonctions elliptiques, Journal de l’École Polytechnique, T. XXI.

[GG] Gutiérrez, C,; Guíñez, V., Simple Umbilic Points on Surfaces Immersed in R^4, Discrete and Continuous Dynamical Systems 9:4 (2003), 877– 900.

[GT1] Gutiérrez, C.; Guadalupe, I.; Tribuzy, R.; Guíñez, V., Lines of Curvature on Surfaces Immersed in R^4, Bol. Soc. Bras. Mat. 28:2 (1997), 233–251.

[GT2] Gutiérrez, C.; Guadalupe, I.; Tribuzy, R.; Guíñez, V., A Differential Equation for Lines of Curvature on Surfaces Immersed in R^4, Qualitative Theory of Dynamical Systems 2 (2001), 207–220.

[GST] Guadalupe, I.; Gutiérrez, C.; Sotomayor, J.; Tribuzy, R., Principal Lines on Surfaces Minimally Immersed in Constantly Curved 4-spaces, Dynamical Systems and Bifurcation Theory, Pitman Research Notes in Mathematics Series 160 (1987), 91–120.

[Ga-S] García, R.; Sotomayor, J., Lines of Axial Curvature on Surfaces Immersed in R^4, Differential Geometry and its Applications 12 (2000).

[Gui1] Guíñez, V., Positive quadratic differential forms and foliations with singularities on surfaces, Trans. Amer. Math. Soc. 309 (1988), 477– 502.

[Gui2] Guíñez, V., Rank two codimension 1 singularities of positive quadratic differential forms, Nonlinearity 10 (1997), 631–654.

[Mat] Matsuda, M., First Order Algebraic Differential Equations – A Differential Algebraic Approach, Lecture Notes in Math. 804 (1980), Springer–Verlag, Berlin.

[Poi] Poincaré, H., Sur un théorème de M. Fuchs, Acta Math. 7 (1885), 1–32. Also in Oeuvres de Henri Poincaré, Vol. 1, Gauthiers–Villars et Cie, Paris, 1928.

[RS1] Ramírez–Galarza, A.; Sánchez–Bringas, F., Lines of Curvature Near Umbilic Points on Surfaces Immersed in R^4, Annals of Global Analysis and Geometry, 13 (1995), 129–140.

[RS2] Romero–Fuster, M. C.; Sánchez–Bringas, F., Umbilicity of surfaces with orthogonal asymptotic lines in R^4, Differ. Geom. Appl. 16 (2002), 213–224.

[Spi] Spivak, M., A Comprehensive Introduction to Differential Geometry, Vol. 5, Publish or Perish Inc., Berkeley, 1979.

Departamento de Matemática ICMC - Universidade de São Paulo Universidad de Santiago de Chile Caixa Postal 668 Santiago, Chile 13560-970, São Carlos SP, Brasil E-mail: vguinez@fermat.usach.cl E-mail: gutp@icmc.usp.br