Matemática Contemporânea, Vol 32, 205-218 © 2007, Sociedade Brasileira de Matemática

ON THE EXISTENCE OF SIGNED SOLUTIONS FOR A QUASILINEAR ELLIPTIC PROBLEM IN R^N

E. S. Medeiros U. B. Severo

Dedicated to Luís Adauto Medeiros on his 80th birthday

Abstract We study the existence of positive and negative weak solutions for the equation −Δpu + V (x)|u|^{p−2}u = λf(u) in R^N , where Δpu = div(|∇u|^{p−2}∇u) is the p-Laplacian operator, 1 < p < N, λ is a positive real parameter and the potential V : R^N → R is bounded from below for a positive constant and ”large” at infinity. It is assumed that the nonlinearity f : R → R is continuous and just superlinear in a neighborhood of the origin.

1 Introduction

In this note we are concerned with the existence of positive and negative solutions for the equation

−Δ_pu + V (x)|u|^{p−2}u = λf(u) in R^N , (1.1)

where, 1 < p < N, λ is a positive real parameter and the potential V : R^N → R is a function satisfying the following assumptions:

(V_1) V ∈ C(R^N , R) and inf_{x∈RN} V (x) = V_0 > 0;

(V_2) for every M > 0

|{x ∈ R^N : V (x) ≤ M}| < ∞, 2000 AMS Subject Classification: 35J20, 35J60, 35Q55.

Keywords: Schrödinger equation; variational method; p-Laplacian; Moser iteration, penalization method.

where | · | denotes Lebesgue measure in R^N .

We assume that the nonlinearity f : R → R is continuous and satisfies the following conditions which give its behavior only in a neighborhood of the origin:

(f_1) there exists r ∈ (p, p^∗) such that

lim sup

|s|→0

f(s)s |s|^r

< +∞;

(f_2) there exists q ∈ (p, p^∗) verifying

lim inf

|s|→0

F (s) |s|^q

> 0;

(f_3) there exists θ ∈ (p, p^∗) such that

0 < θF (s) ≤ sf(s) for |s| ≠ 0 small;

Here p^∗ =^{pN}_{(N−p)} is the critical Sobolev exponent and F (s) =

∫_s 0 f(t)dt.

Remark 1.1 A typical example of a function f satisfying the hypotheses (f_1)− (f_3) is f(s) = a|s|^{r−2}s + b|s|^{β−2}s with p < r ≤ q < p^∗ < β and a, b are positive constants.

In recent years, there has been a large amount of work done on problems modeled by equations involving the p-Laplacian operator. Some of these problems arise in diverse areas of applied mathematics and physics, for example in the theory of nonlinear elasticity, glaciology, combustion theory, population biology, nonlinear flow laws, system of Monge-Kantorovich partial differential equations. For additional discussions about problems modeled by p-Laplacian operator, see for example [3], [4], [5], [6], [9] and references therein.

In the case p = 2, equation (1.1) arises naturally from the search for standing wave solution for a nonlinear Schrödinger equation, see [8]. Similarly, the search of standing (or traveling) waves in nonlinear equations of Klein-Gordon type leads to the study of (1.1). Still in the case p = 2, equation (1.1) appears also in other contexts, for example when one studies reaction-diffusion equations.

Next, we state our main result.

Theorem 1.2 Assume (V_1) − (V_2) and (f_1) − (f_3). Then equation (1.1) has one positive solution and one negative solution for all λ sufficiently large.

As is well known, if f was assumed to be superlinear at infinity , that is, in the sense that (f_1) and (f_2) hold as |u| → ∞ and (f_3) holds for |u| large, then equation (1.1) has one positive solution and one negative solution. Here, the assumptions (f_1) − (f_3) refer solely to its behavior in a neighborhood of u = 0 and they are sufficient to obtain Theorem 1.2.

The study of problem (1.1) was in part motivated by work of Costa and Wang [2], where they deal with the case p = 2 in bounded domain with Dirichlet boundary conditions and without the term of the potential. As in [2], since the natural variational functional associated to (1.1) is not well defined because we do not have information about the function F (s) at infinity, we explored an argument of penalization to obtain a new functional which will be well defined. Using a compact embedding result of Bartsch and Wang [1] and Mountain Pass theorem, we show that this functional has a positive and a negative critical points. After that, by Moser iteration we get an L^∞-estimate for these critical points which depends on parameter λ. Then, for λ sufficiently large, we can conclude that the critical points are solutions of our original problem.

The organization of this work is as follows: In Section 2, we give some preliminary results and in Section 3, we prove the main Theorem.

In what follows, C, C_1, C_2, ... will denote positive generic constants, u^+, u^− will be the positive and negative parts of u, respectively and ‖u‖_t denotes the usual L^t-norm for a function u ∈ L^t(R^N ), 1 ≤ t ≤ ∞.

2 Preliminary results

As usual, W^{1,p}(R^N ) denotes the Sobolev space of functions in L^p(R^N ) such that their weak derivatives are also in L^p(R^N ) with the norm

‖u‖^p_{1,p} = ∫ R^N

(|∇u|^p + |u|^p),

and we consider the subspace E ⊂ W^{1,p}(R^N ) defined by

E = { u ∈ W^{1,p}(R^N ) : ∫ R^N

V (x)|u|^p < ∞ } ,

which is a reflexive Banach space endowed with the norm

‖u‖ = (∫ R^N

|∇u|^p + V (x)|u|^p

)_{1/p} .

By assumption (V_1), it follows that the space E is continuously immersed in W^{1,p}(R^N ). Moreover, we have the following result:

Lemma 2.1 The space E is compactly immersed in L^s(R^N ) for all s ∈ [p, p^∗).

Proof. See, for example, [1]. □

Since the hypotheses (f_1) − (f_3) give the behavior of f only in a neighborhood of s = 0, the natural functional associated with the equation (1.1) given by I_λ(u) = 1 p ‖u‖^p − λ ∫ R^N

F (u)

is not well defined in E. In order to apply variational methods, let us use here an argument of penalization as in [2] to obtain a new functional. To this end, observe that the conditions (f_1) and (f_2) imply the existence of positive constants C_0, C_1 such that F (u) ≤ C_0|u|^r (2.2) and F (u) ≥ C_1|u|^q (2.3)

for |u| small (we may assume that r ≤ q). Now, we consider ρ(t) be an even cut-off function verifying:

ρ(t) = { 1 if |t| ≤ δ 0 if |t| ≥ 2δ, tρ^′(t) ≤ 0 and |tρ^′(t)| ≤^2_δ , where δ is chosen such that (2.2), (2.3) and (f_3) hold for |u| ≤ 2δ. Define

G(u) = ρ(u)F (u) + (1 − ρ(u))F_∞(u),

where F_∞(u) = C_0|u|^r and denote g(u) = G^′(u). If |u| ≤ δ, we have G(u) = F (u). It follows from (f_1), that

|g(u)| = |F^′(u)| = |f(u)| ≤ C_1|u|^{r−1}.

For |u| ≥ 2δ we have G(u) = F_∞(u) = C_0|u|^r, consequently |g(u)| ≤ C_2|u|^{r−1}. By definition

g(u) = ρ^′(u)F (u) + ρ(u)F^′(u) − ρ^′(u)F_∞(u) + (1 − ρ(u))F^′_∞(u). Since |ρ^′(u)u| ≤^2_δ , by (2.2) we get |ρ^′(u)F (u)| ≤ C_0|u|^{r−1} for all δ ≤ |u| ≤ 2δ. Therefore, there exists C > 0 such that |g(u)| ≤ C|u|^{r−1} for all u ∈ R. (2.4)

2.1 Modified problem

Denoting g(u) = G^′(u), let us consider the following modified problem: −Δ_pu + V (x)|u|^{p−2}u = λg(u) in R^N . (2.5) By definition of G, the functional associated to (2.5) given by J_λ(u) = 1 p ‖u‖^p − λ ∫ R^N

G(u) is well defined in E. It is clear that J_λ is of class C^1 and its critical points are precisely the weak solutions of problem (2.5). In order to apply critical point theory, let us show the following property of function G.

Lemma 2.2 Under the hypotheses above, 0 < αG(u) ≤ ug(u) for all u ≠ 0, where α = min{r, θ} Proof. See Lemma 1.1 in [2]. □ The Lemma below shows that the functional J_λ possesses the mountain pass geometry.

Lemma 2.3 There exist ε_0 > 0 and C = C(ε_0, λ) > 0 such that

J_λ(u) ≥ C > 0 for u ∈ E, ‖u‖ = ε_0

and u_0 ∈ E, ‖u_0‖ > ε_0 verifying J_λ(u_0) ≤ 0.

Proof. Using the fact that G(u) ≤ C|u|^r and r > p, together with the Sobolev embedding we get

J_λ(u) ≥ 1 p ‖u‖^p − λC‖u‖^r ≥ C(ε_0, λ) > 0,

for ‖u‖ = ε_0 sufficiently small. Now, Lemma 2.2 and a straightforward computation show that G(u) ≥ C|u|^α. Since α > p, taking φ ∈ C^∞_0 (R^N ) we have J_λ(tφ) → −∞ as t → +∞. Hence for t sufficiently large, u_0 = tφ satisfies J_λ(u_0) ≤ 0. □ Proposition 2.4 Under the hypotheses (V_1) − (V_2) and (f_1) − (f_3), problem (2.5) has a nontrivial solution.

Proof. As consequence from Lemmas 2.1 and 2.2, it is standard to show that the functional J_λ satisfies the Palais-Smale condition. Thus by Lemma 2.3 we can apply the Mountain Pass theorem to get a nontrivial critical point of J_λ. □

Lemma 2.5 If u ∈ E is a critical point of J_λ, then

‖u‖^p ≤ pα α − p

J_λ(u). (2.6)

Proof. This estimate follows directly from Lemma 2.2 and

J_λ(u) = 1 p ‖u‖^p − λ ∫ R^N

G(u), ‖u‖^p = λ ∫ R^N

g(u)u. □ In order to show that solutions of modified problem (2.5) are solutions of problem (1.1), we will need the following L^∞ estimate.

Lemma 2.6 If u ∈ E is a weak solution of problem (2.5), then u ∈ L^∞(R^N ). Moreover, there exists C = C(r, p, N) > 0 such that

‖u‖_∞ ≤ C(λ‖u‖^{r−p})^{1/(p∗−r)}‖u‖. (2.7)

Proof. Let u be a weak solution of problem (2.5), that is ∫ R^N

|∇u|^{p−2}∇u∇φ + ∫ R^N

V (x)|u|^{p−2}uφ = λ ∫ R^N

g(u)φ, (2.8)

for all φ ∈ E. We can assume without loss of generality that u is nonnegative, if necessary changing u by u_+ or u_−. For each k > 0 we define

u_k = { u if u ≤ k k if u ≥ k, v_k = u^{p(β−1)} k u and w_k = uu^{β−1}_k with β > 1 to be determined later. Taking φ = v_k in (2.8) and using (2.4) we obtain

∫ R^N

u^{p(β−1)} k |∇u|^p ≤ − ∫ R^N

V (x)u^{p(β−1)} k u^p − p(β − 1) ∫ R^N

u^{p(β−1)−1} k u∇u_k∇u +λC ∫ R^N

u^ru^{p(β−1)} k . Observing that the first and the second terms in the right side of the inequality above are not positive, we have ∫ R^N

u^{p(β−1)} k |∇u|^p ≤ λC ∫ R^N

u^ru^{p(β−1)} k = λC ∫ R^N

u^{r−p}w^p_k. (2.9)

By Gagliardo-Nirenberg-Sobolev inequality and (2.9), we obtain (∫ R^N

w^{p∗}_k

)_{p/p}∗ ≤ C_1 ∫ R^N

|∇w_k|^p

≤ C_2 ∫ R^N

u^{p(β−1)} k |∇u|^p + C_3(β − 1)^p ∫ R^N

u^pu^{p(β−2)} k |∇u_k|^p ≤ C_4β^p ∫ R^N

u^{p(β−1)} k |∇u|^p ≤ λC_5β^p ∫ R^N

u^{r−p}w^p_k,

where we have used that 1 ≤ β^p, (β − 1)^p ≤ β^p and the definition of u_k. Now, using the Hölder inequality we have (∫ R^N

w^{p∗}_k

)_{p/p}∗

≤ λβ^pC_5 (∫ R^N

u^{p∗}

)_{(r−p)/p}∗ (∫

R^N

w^{pp∗/(p∗−r+p)} k )_{(p}∗_{−r+p)/p}∗ . Since that |w_k| ≤ |u|^β and E is continuously immersed in L^{p∗} (R^N ) we get (∫ R^N

|uu^{β−1}_k |^{p∗}

)_{p/p}∗

≤ λβ^pC_6‖u‖^{r−p} (∫ R^N

u^{βpp∗/(p∗−r+p)}

)_{(p}∗_{−r+p)/p}∗ . Choosing β = 1 +^{p∗−r}_p we have βpp^∗/(p^∗ − r + p) = p^∗. Thus, (∫ R^N

|uu^{β−1}_k |^{p∗}

)_{p/p}∗

≤ λβ^pC_6‖u‖^{r−p}‖u‖^{pβ}_{βα}∗ ,

where α^∗ = pp^∗/(p^∗ − r + p). By Fatou’s Lemma, we obtain

‖u‖_{βp}∗ ≤ (λβ^pC_6‖u‖^{r−p})^{1/pβ} ‖u‖_{βα}∗ . (2.10)

For each m = 0, 1, 2, .... let us define β_{m+1}α^∗ = p^∗β_m where β_0 = β. Applying the procedure before for β_1, by (2.10) we have

‖u‖_{β1p}∗ ≤ (λβ^p_1 C_6‖u‖^{r−p})^{1/pβ1} ‖u‖_{β1α}∗ ≤ (λβ^p_1 C_6‖u‖^{r−p})^{1/pβ1} (λβ^pC_6‖u‖^{r−p})^{1/pβ} ‖u‖_{βα}∗ ≤ (λC_6‖u‖^{r−p})^{1/pβ+1/pβ1} (β)^{1/β} (β_1)^{1/β1} ‖u‖_{p∗}.

Observing that β_m = χ^mβ where χ =^{p∗}_{α∗} , by iteration we obtain

‖u‖_{βmp}∗ ≤ (λC_6‖u‖^{r−p})^{1pβ ∑mi=0 χ−i} β^{1β ∑mi=0 χ−i} χ^{1β ∑mi=0 iχ−i} ‖u‖_{p∗}.

Since χ > 1 and lim_{m→∞}^1_{pβ}

∑_m i=0 χ^{−i} =^1_{p∗−r} , we can take the limit as m → ∞ to get ‖u‖_∞ ≤ C_7(λ‖u‖^{r−p})^{1/(p∗−r)}‖u‖.

Thus the proof is complete. □ 3 Proof of the main theorem

In order to obtain a positive and a negative solution of problem (1.1), let us consider the following auxiliary functionals

J_{1,λ} (u) = 1 p ‖u‖^p − λ ∫ R^N

G_1(u) and J_{2,λ} (u) = 1 p ‖u‖^p − λ ∫ R^N

G_2(u) respectively, where

G_1(u) = { G(u) if u ≥ 0 0 if u < 0 and G^2(u) = { G(u) if u ≤ 0 0 if u > 0.

Since G_1 and G_2 have the same properties that G, by Proposition 2.4 it follows that J_{i,λ} has a critical point u_i at the level

c_{i,λ} = inf_{h∈Γi} max_{t∈[0,1]} J_{i,λ}(h(t)),

where Γ_i .= {h ∈ C(E, R) : J_{i,λ}(h(1)) ≤ 0} for i = 1, 2. Besides, the solution u_1 is positive and u_2 is negative.

Lemma 3.1 Let u_i be a critical point of J_{i,λ} at the level c_{i,λ} for i = 1, 2 . Then there exists C > 0 such that

‖u_{i,λ}‖ ≤ Cλ^{− 1q−p} . (3.11)

Proof. Let us show (3.11) only for u_{1,λ} because the same argument works with u_{2,λ}. Notice that c_{1,λ} ≤ d_{1,λ}, (3.12)

where d_{1,λ} = inf_{u>0} max_{t≥0} J_{1,λ}(tu).

Since J_{1,λ}(u) = J_λ(u) for u ≥ 0, from Lemma 2.5 we obtain

‖u_{1,λ}‖^p ≤ pα α − p d_{1,λ}. (3.13)

We claim that d_{1,λ} ≤ Cλ^{− pq−p} ,

for some C > 0. To this, we consider the functional

Φ_λ(u) = 1 p ‖u‖^p − λ ∫ R^N

C_1|u|^q,

where C_1 > 0 is such that G(u) ≥ C_1|u|^q for |u| ≤ 2δ. Define

e_λ = inf_{u≠0} max_{t≥0} Φ_λ(tu).

If u ∈ E, u ≠ 0, we have that

max_{t≥0} Φ_λ(tu) = ( 1 p − 1 q ) (qλC_0)^{−p/(q−p)}

‖u‖^{pq/(q−p)} ‖u‖^{pq/(q−p)} q .

Since the embedding E → L^q(R^N ) is continuous, it follows that

inf_{u≠0}

‖u‖^{pq/(q−p)} ‖u‖^{pq/(q−p)} q = η > 0.

Hence e_λ = inf_{u≠0} max_{t≥0} Φ_λ(tu) = ( 1 p − 1 q ) (qλC_1)^{−p/(q−p)}η. (3.14)

We can also see that Φ_λ has a ground state u^∗_λ at the level e_λ. Thus, ( 1 p − 1 q ) ‖u^∗_λ‖^p = Φ_λ(u^∗_λ) = e_λ = ( 1 p − 1 q ) (qλC_0)^{−p/(q−p)}η,

which implies that ‖u^∗_λ‖ ≤ C_1λ^{−1/(q−p)}. (3.15) with C_1 independent of λ. Consequently (λ‖u^∗_λ‖^{q−p}) ≤ C_1. By the same argument used in the proof of Lemma 2.6 and (3.15) we have

‖u^∗_λ‖_∞ ≤ C(λ‖u^∗_λ‖^{q−p})^{1/(p∗−q)}‖u^∗_λ‖ ≤ C_2‖u^∗_λ‖ ≤ C_3λ^{− 1q−p} ≤ 2δ,

for λ > 0 sufficiently large. From this L^∞-estimative, we can conclude that

d_{1,λ} ≤ inf_{0<u≤2δ} max_{t≥0} J_{1,λ}(tu) ≤ inf_{0<u≤2δ} max_{t≥0} Φ_λ(tu) = inf_{u≠0} max_{t≥0} Φ_λ(tu) = e_λ. (3.16) It follows from (3.14) and (3.16) that

d_{1,λ} ≤ Cλ^{− pq−p} .

This together with (3.13) implies the estimate (3.11). □ Proof of the Theorem 1.2: Substituting (3.11) in (2.7) we obtain

‖u_{i,λ}‖_∞ ≤ Cλ^{(q−p∗)/((q−p)(p∗−r))}, for i = 1, 2.

Since q < p^∗, there exists λ_0 > 0 such that

‖u_{i,λ}‖_∞ ≤ 2δ,

for all λ > λ_0. Consequently, u_{1,λ} is a positive solution and u_{2,λ} is a negative solution of our original problem (1.1). □

Remark 3.2 In [2], the authors have obtained the existence of sign-changing solutions by using the abstract critical point theory in partially ordered Hilbert space which involves the density of the Banach space C(Ω) of continuous functions in the Hilbert space H^1_0 (Ω), more precisely, they have used the fact that the cone of the positive functions in C(Ω) has nonempty interior. However, this framework imposes stronger hypothesis, that is, boundedness of the domain and smoothness of the nonlinearity. In [7], using properties of invariants set of descending flow as in [10] and the references therein, the authors have obtained signed-changing solution for the case p = 2 where they have used strongly the fact that the spectrum from the operator −Δ + V is well characterized and this is not the case when p ≠ 2.

Acknowledgement. We would like to congratulate professor Francisco Julio Sobreira de Araujo Corrêa for the organization of this meeting and also thank him for the invitation to submit this work. The authors would like to thank the anonymous referee for valuable corrections made in a very detailed report.

References

[1] Bartsch, T.; Wang, Z. Q., Existence and multiplicity results for some superlinear eliptic problems on R^N , Comm. Partial Differential Equations 20, (1995) 1725-1741.

[2] Costa, D. G.; Wang, Z. Q., Multiplicity results for a class of superlinear elliptic problems, Proc. Amer. Math. Soc. 133 (2005), 787–794.

[3] Drábek, P.; Kufner, A.; Nicolosi, F., Quasilinear elliptic equations with degenerations and singularities, de Gruyter Series in Nonlinear Analysis and Applications, 5. Walter de Gruyter Co., Berlin, 1997.

[4] Evans, L. C.; Gangbo, W., Differential equations methods for the Monge- Kantorovich mass transfer problem, Mem, Amer. Math. Soc. 137, (1999), 653, viii+66 pp.

[5] Glowinski, R.; Rappaz, J., Approximation of a nonlinear elliptic problem arising in a non-Newtonian fluid flow model in glaciology, Math. Model. Numer. Anal. 37, (2003), 175-186.

[6] Liu, C., Weak solutions for a viscous p-Laplacian operator, Electron. J.

Differential Equations (63) (2003), 1-13.

[7] Ó, J.M.B. do; Medeiros, E. S.; Severo, U. B., On the existence of signed and sign-changing solutions for a class of superlinear Schrödinger equations in R^N , preprint.

[8] Rabinowitz, P. H., On a class of nonlinear Schrödinger equations, Z. angew Math. Phys (Zamp) 43 (1992), 270–291.

[9] Ramaswamy, M.; Shivaji, R., Multiple positive solutions for classes of p- Laplacian equations, Differential Integral Equations 17 (2004) 1255-1261.

[10] Schechter, M.; Zou, W., Sign-changing critical points from linking type theorems, Trans. Amer. Math. Soc. 358 (2006), 5293–5318

Departamento de Matemática Universidade Federal da Paraíba 58051-900, João Pessoa-PB, Brazil E-mail: everaldo@mat.ufpb.br, uberlandio@mat.ufpb.br