Matemática Contemporânea, Vol 32, 25-37 © 2007, Sociedade Brasileira de Matemática

MULTIPLICITY RESULTS FOR EQUATIONS WITH SUBCRITICAL HARDY-SOBOLEV EXPONENT AND SINGULARITIES ON A HALF-SPACE

R. B. Assunção P. C. Carrião^∗ O. H. Miyagaki^†

Dedicated to Prof. Luiz Adauto Medeiros on the occasion of his 80th birthday

Abstract We prove some multiplicity results for a class of singular quasilinear elliptic problems involving the critical Hardy-Sobolev exponent and singularities on a half-space.

1 Introduction

In this work we present some multiplicity results for a class of singular quasilinear elliptic problems of the form

− div [ |x_N |^{−ap}|∇u|^{p−2}∇u ] + λ|x_N |^{−(a+1)p}|u|^{p−2}u = α|x_N |^{−bq}|u|^{q−2}u + βk(x)|x_N |^{−cr}|u|^{r−2}u in R^N_+ u = 0 on ∂ R^N_+ (P)

involving the critical Hardy-Sobolev exponent and singularities on a half-space. We use notation x = (x_1, x_2, . . . , x_N ) ∈ R^N (N ⩾ 3), R^N_+ = {x ∈ R^N : x_N > 0} and ∂ R^N_+ = {x ∈ R^N_+ : x_N = 0}, we consider 1 < p < N, 0 ⩽ a < (N − p)/p, a < b < a + 1, c ∈ R, d ≡ a + 1 − b, q = q(a, b) ≡ Np/[N − dp], which is the critical Hardy-Sobolev exponent, 1 < r < q(0, 0) = p^∗ ≡ Np/(N − p),

∗Supported in part by CNPq-Brazil and Fapemig †Supported in part by CNPq-Brazil and AGIMB—Millenium Institute MCT/Brazil.

α, β ∈ R_+ and λ ∈ R are parameters and 0 ⩽ k(x) ∈ L^{q/(q−r)}_{r(c−b)} (R^N_+ ), where the notation L^q_b (R^N_+ ) stands for the weighted space defined by

L^q_b (R^N_+ ) ≡ { u : R^N_+ → R : |u|_{q,b} ≡ | |x_N |^{−b}u | q = [ ∫ |x_N |^{−bq}|u|^q dx

]_{1/q}} . To simplify the notation, hereinafter the symbol ∫ denotes ∫ R^N_+ .

We look for solutions of problem (P) in Sobolev space D^{1,p}_{0,a}(R^N_+ ) defined as the completion of space C^∞_0 (R^N_+ ) with respect to the norm given by

‖u‖ ≡ [ ∫ |x_N |^{−ap}|∇u|^p dx

]_{1/p} . The pioneering work treating this kind of problem is [6], by Brézis and Nirenberg, in which the case a = b = 0 and k(x) ≡ 1 is studied in a bounded domain. This paper opened up a new stream to treat some types of semilinear as well as quasilinear elliptic problems, previously avoided because of the famous nonexistence result by Pohozaev. See [1, 4, 5, 9, 11, 12, 13, 14, 15, 19, 20]. We recall that all these problems consider the case in which the singular coefficient of the nonlinearity involves only the origin.

For problem (P) with the singular coefficient of the nonlinearity involving a half-space we cite [3, 10, 18, 17].

Our results generalize the work [10] and also some results in [13]. The starting point to treat problem (P) is a Caffarelli, Kohn, and Nirenberg type inequality stablished in [7]. See also [8, 16]. Let

S_λ = S(a, b, λ) ≡ inf_{u∈D1,p}

0,a(R^N_+ ) u≢0

∫ |x_N |^{−ap}|∇u|^p dx + λ ∫ |x_N |^{−(a+1)p}|u|^p dx [ ∫ |x_N |^{−bq}|u|^q dx

]_{p/q} (1)

be the Lagrange’s multiplier. Then the best constant S_λ is positive and is attained by a function u ∈ D^{1,p}_{0,a}(R^N_+ ). (See Theorem 1 below.) One of the main difficulties of our work is to prove this claim, because problem (P) involves unbounded domain and the usual methods of the calculus of variations do not apply immediately.

Using the claim we can show that the functional I : D^{1,p}_{0,a}(R^N_+ ) → R given by I(u) ≡ 1 p ∫ |x_N |^{−ap}|∇u|^p dx + λ p ∫ |x_N |^{−(a+1)p}|u|^p dx − α q ∫ |x_N |^{−bq}|u|^q dx − β r ∫ k(x)|x_N |^{−cr}|u|^r dx is well defined. Moreover, I ∈ C^1(D^{1,p}_{0,a}(R^N_+ ), R) (see Lemma 1) and a weak solution of problem (P) is a critical point of the functional I. This means that I^′(u) = 0, where

⟨I^′(u), v⟩ = ∫ |x_N |^{−ap}|∇u|^{p−2}∇u · ∇v dx + λ ∫ |x_N |^{−(a+1)p}|u|^{p−2}uv dx −α ∫ |x_N |^{−bq}|u|^{q−2}uv dx − β ∫ k(x)|x_N |^{−cr}|u|^{r−2}uv dx for every v ∈ D^{1,p}_a (R^N_+ ).

Our main results are the following.

Theorem 1 (Extremal problem) Let α = 1 and β = 0. The best constant S_λ is attained by a function u ∈ D^{1,p}_{0,a}(R^N_+ ) provided that one of the conditions below is verified.

1. a < b < a + 1 and −S(a, a + 1) < λ ⩽ 0. 2. a < b < a + 1 and 0 < λ small.

Suppose that the Lebesgue measure of the set M ≡ {x ∈ R^N_+ : k(x) > 0} is positive.

Theorem 2 (Hardy-Sobolev critical case) Let 1 < r < p < N be given. Then the following claims hold.

1. For every α ∈ R_+ there exists B ∈ R_+ such that if 0 < β < B, then problem (P) has a sequence of solutions (u_n) ⊂ D^{1,p}_{0,a}(R^N_+ ) with I(u_n) < 0 and lim_{n→∞} I(u_n) = 0.

2. For every β ∈ R_+ there exists A ∈ R_+ such that if 0 < α < A, then problem (P) has a sequence of solutions (u_n) ⊂ D^{1,p}_{0,a}(R^N_+ ) with I(u_n) < 0 and lim_{n→∞} I(u_n) = 0.

2 Auxiliary results

We begin by stating the following lemma, whose proof can be adapted from [14].

Lemma 1 The functional F : D^{1,p}_{0,a}(R^N_+ ) → R given by

F (u) ≡ ∫ k(x)|x_N |^{−cr}|u|^r dx

is well defined, is weakly continuous, and is continuously differentiable.

We say that a functional ϕ : X → R defined in a Banach X verifies the Palais-Smale condition at the level c, in short ϕ verifies (P S)_c, if every sequence (u_n) ⊂ X such that ϕ(u_n) → c and ϕ^′(u_n) → 0 has a convergent subsequence. To find the critical points of functional I we have to establish conditions under which I verifies (P S)_c. Therefore we need a concentration-compactness lemma. Next we state a useful lemma.

Lemma 2 Let K ⊂ R^{N−1} be a compact subset and R ∈ R_+. If u_n ⇀ u weakly in D^{1,p}_{0,a}(R^N_+ ), then the following claims hold.

1. |x_N |^{−a}u_n → |x_N |^{−a}u in L^p_{loc}(R^N_+ ). 2. |x_N |^{−a}u_n → |x_N |^{−a}u in L^p(K × [0, R]).

Proof. The proof of item 1 is similar to the corresponding one in [20]. To prove item 2 we consider δ ∈ R_+ and divide the argument in the cases K × [δ, R] (whose proof is similar to that of claim 1) and K × [0, δ]. In the last case we have ∫ K×[0,δ]

|x_N |^{−ap}|u|^p dx ⩽ δ^p ∫ K×[0,δ]

|x_N |^{−(a+1)p}|u|^p dx

and this concludes the proof of claim 2. The lemma is proved. �

Thanks to Lemma 2, the proof of the following concentration-compactness lemma is similar to that of Lemma 4.1 in [2]. See also [20].

Lemma 3 Let M(R^N_+ ) be the space of positive, bounded Radon measures in R^N_+ . Let (u_n) ⊂ D^{1,p}_{0,a}(R^N_+ ) be a sequence such that the following convergences hold.

1. u_n ⇀ u weakly in D^{1,p}_{0,a}(R^N_+ ). 2. | |x_N |^{−a}∇(u_n − u) |_p + λ | |x_N |^{−(a+1)}(u_n − u) | ⇀ γ weakly in M(R^N_+ ). 3. | |x_N |^{−bq}(u_n − u) |_q ⇀ ν weakly in M(R^N_+ ).

4. u_n → u a.e. in R^N_+ .

We define the measures of concentration at infinity (where the integrals are taken over the set R^N_+ ∩ {|x| ⩾ R}),

γ_∞ ≡ lim_{R→∞} lim_{n→∞} [ ∫ |x_N |^{−ap}|∇u_n|^p dx + λ ∫ |x_N |^{−(a+1)p}|u_n|^p dx ] , ν_∞ ≡ lim_{R→∞} lim_{n→∞} ∫ |x_N |^{−bq}|u_n|^q dx.

Then there exist a set of indexes J (at most denumerable), a corresponding set of points (z_j )_{j∈J} ⊂ R^{N−m}, and two sets of measures (μ_j )_{j∈J} , (ν_j )_{j∈J} such that

γ ⩾ |x_N |^{−ap}|∇u|^p + λ|x_N |^{−(a+1)p}|u|^p (2) + ∑ j∈J S_λ [ γ_j ({x_j })

]_{p/q}

+ γ_∞,

ν = |x_N |^{−bq}|u|^q + ∑ j∈J ν_j ({x_j }) + ν_∞, (3) [ ν_j ({x_j })

]_{p/q}

⩽ S^{−1}_λ γ_j ({x_j }), (4) ν^{p/q}_∞ ⩽ S^{−1}_λ γ_∞. (5)

Moreover, for u(x) ≡ 0, if b < a + 1 and ‖ν‖^{p/q} = S^{−1}_λ ‖γ‖, then the measures ν and γ concentrate at a single point.

Lemma 4 Suppose that 1 < r < p and let (u_n) ⊂ D^{1,p}_{0,a}(R^N_+ ) be a Palais-Smale sequence for the functional I at the level c ∈ R. Then we have:

1. For every α > 0, there exists B > 0 such that if 0 < β < B, then the sequence (u_n) has a convergent subsequence in D^{1,p}_{0,a}(R^N_+ ).

2. For every β > 0, there exists A > 0 such that if 0 < α < A, then the sequence (u_n) has a convergent subsequence in D^{1,p}_{0,a}(R^N_+ ).

Proof. It is standard to prove that the sequence (u_n) ⊂ D^{1,p}_{0,a}(R^N_+ ) is bounded. Passing to a subsequence (still denoted in the same way), we can suppose that the hypotheses of Lemma 3 hold. Let x_j ∈ R^N_+ be a singular point for the measures μ and ν; then following the ideas of Chen and Li in [9] we can prove that ν({x_j }) = 0 and ν_∞ = 0. Using Claim 1 in [1] and substituting the singular term for |x_N |^{−ap}, we can prove that the sequence (u_n) converges strongly to u ∈ D^{1,p}_{0,a}(R^N_+ ). �

3 Proofs of the theorems

Proof of Theorem 1. Following Maz’ja [16] and adapting a result from [10], we have

S_λ [ ∫ R^N_+

|x_N |^{−bq}u^q dx

]_{p/q} ⩽ ∫ |x_N |^{−ap}|∇u|^p dx + λ ∫ |x_N |^{−(a+1)p}|u|^p dx (6)

for every u ∈ D^{1,p}_{0,a}(R^N_+ ). Let (u_n) ⊂ D^{1,p}_{0,a}(R^N_+ ) be a minimizing sequence for S_λ, i. e., ∫ |x_N |^{−bq}|u_n|^q dx = 1 and ∫ |x_N |^{−ap}|∇u_n|^p dx + λ ∫ |x_N |^{−(a+1)p}|u_n|^p dx → S_λ as n → ∞. We define

Q_n(λ) ≡ sup_{y∈RN} + ∫ B(y,λ)

|x_N |^{−bq}|u_n|^q dx.

Then there exist sequences (τ_n) ⊂ R_+ and (y_n) ⊂ R^N_+ (where y_n = (y^′_n, (y_n)_N )) such that Q_n(τ_n) = 1/2, because lim λ→0^+

Q_n(λ) = 0 and lim_{λ→∞} Q_n(λ) = 1.

Let v_n(x) ≡ τ^{[N−p(a+1)]/p} n u_n(τ_nx + z_n), where z_n = (y^′_n, 0). Using x_n = (0, y^N_n /λ_n), we have 1 2 = ∫ B(x_n,1)

|x_N |^{−bq}|v_n|^q dx = sup_{y∈RN} ∫ B(y,1)

|x_N |^{−bq}|v_n|^q dx. (7)

A simple computation shows that (v_n) ⊂ D^{1,p}_{0,a}(R^N_+ ) is also a minimizing sequence; in other words, the problem is invariant under the given transformation.

Now we divide the argument in two cases.

Case 1. The sequence (x_n) ⊂ R^N_+ is bounded. In this case we can suppose (passing to a subsequence if necessary, still denoted in the same way) that the sequence (v_n) ⊂ D^{1,p}_a (R^N_+ ) verifies the hypotheses of Lemma 3. Using it, we have

‖ν‖^{p/q} ⩽ S^{−1}_λ ‖γ‖ (8) ν^{p/q}_∞ ⩽ S^{−1}_λ γ_∞ (9) S_λ = lim_{n→∞} ∫ |x_N |^{−ap}|∇v_n|^p dx + λ ∫ |x_N |^{−(a+1)p}|v_n|^p dx = ∫ |x_N |^{−ap}|∇v|^p dx + λ ∫ |x_N |^{−(a+1)p}|v|^p dx + ‖γ‖ + γ_∞ (10) 1 = lim_{n→∞} ∫ |x_N |^{−bq}|v_n|^q dx = ∫ |x_N |^{−bq}|v|^q dx + ‖ν‖ + ν_∞. (11)

By definition of S_λ and equation (8), using inequality (10) we obtain

S_λ ⩾ S_λ {[ ∫ |x_N |^{−bq}|v|^q

]_{p/q} + ‖ν‖^{p/q} + ν^{p/q}_∞ } . (12)

It follows from equation (11) and inequality (12) that ∫ |x_N |^{−bq}|v|^q dx, ‖ν‖, and ν_∞ are equal either to 0 or to 1.

Since we are supposing that (x_n) ⊂ D^{1,p}_{0,a}(R^N_+ ) is bounded, from equation (7) we have ν_∞ ⩽ 1/2; hence, ν_∞ = 0.

Now we suppose that ‖ν‖ = 1; therefore v = 0 and we will get a contradiction. From inequality (10) it follows that

1 = ‖ν‖^{p/q} ⩽ S^{−1}_λ ‖γ‖ = ‖γ‖ ‖γ‖ + γ_∞ ⩽ 1 so that ‖ν‖^{p/q} = S^{−1}_λ ‖γ‖. By the concentration-compactness principle, the measure ν concentrates at a single point z. Using equation (11) we get 1 2 = sup_{y∈RN} + ∫ B(y,1)

|x_N |^{−bq}|v_n|^q dx ⩾ ∫ B(z,1)

dν_n → ‖ν‖ = 1, because ν_n ⇀ ν and ∫ B(z,1)

dν_n → δ_z = 1, which is a contradiction. Thus ∫ |x_N |^{−bq}|v|^q = 1 and S_λ is attained.

Case 2. The sequence (x_n) ⊂ R^N_+ is unbounded. In this case we can

suppose that x_n → ∞ as n → ∞. We define the function

G = G ( τ^{[N−p(a+1)]/p}v_n(τx) ) ≡ ∫ |x| 1 + |x|

|x_N |^{−bq} [ τ^{[N−p(a+1)]/p}v_n(τx)

]_q dx. We have

lim_{τ→0+} G = lim_{τ→0+} ∫ |z| τ + |z|

|z_N |^{−bq}|v_n(z)|^q dz = ∫ |z_N |^{−bq}|v_n(z)|^q dz = 1 and lim_{τ→∞} G = lim_{τ→∞} ∫ |z| τ + |z|

|z_N |^{−bq}|v_n(z)|^q dz = 0.

Then there exists a sequence (τ_n) ⊂ R_+ such that G ( τ^{[N−p(a+1)]/p} n v_n(τ_nx) ) = 1/2 for every n ∈ N. Now let w_n(x) ≡ τ^{[N−p(a+1)]/p} n v_n(τ_nx); then 1 2 = ∫ |x| 1 + |x|

|x_N |^{−bq}|w_n(x)|^q dx and ∫ |x_N |^{−bq}|w_n|^q dx = 1. (13)

The sequence (w_n) ⊂ D^{1,p}_{0,a}(R^N_+ ) is minimizing and verifies the hypotheses of

Lemma 3.

By the concentration-compactness principle, inequalities (8), (9), (10), and (11)

also hold for sequence (w_n). As before, ∫ |x_N |^{−bq}|w_n|^q, ‖ν‖, and ν_∞ are equal

either to 0 or to 1. Since 1 2 = ∫ R^N_+ |x| 1 + |x|

|x_N |^{−bq}|w_n|^q dx ⩾ ∫ R^N_+ ∩{|x|⩾R} |x| 1 + |x|

|x_N |^{−bq}|w_n|^q dx ⩾ R 1 + R ∫ R^N_+ ∩{|x|⩾R}

|x_N |^{−bq}|w_n|^q dx, it follows that ν̃_∞ ⩽ 1/2; then, ν̃_∞ = 0.

Suppose that ‖ν̃‖ = 1; then ‖ν̃‖^{p/q} = S^{−1}‖γ‖. Hence the measure ν̃ concentrates at a single point z. By equation (13), we have 1 2 = ∫ |x| 1 + |x|

|x_N |^{−bq}|w_n|^q dx → |z| 1 + |z| , which implies that |z| = 1. Here we used ν_n = |x_N |^{−bq}|w_n|^q dx and ν_n ⇀ ν as n → ∞, which means that ∫ |x| 1 + |x| ν_n → ∫ |x| 1 + |x| δ_z = |z| 1 + |z| . But since q < p^∗ ≡ Np/(N − p), taking a ball B ⊂ R^N_+ and using item 1 of Lemma 2, we have |x_N |^{p/q}w_n → 0 in L^q_{loc}(R^N_+ ).

Therefore z_N = 0; but from equation (7) it follows that ∫ B(x_n/τ_n,1/τ_n)

|x_N |^{−bq}|w_n|^q dx = 1 2 . If the sequence (τ_n) ⊂ R_+ is bounded, then

inf{|x| : x ∈ B(x_n/τ_n, 1/τ_n)} ⩾

|x_n| − 1 |τ_n| → ∞ since we are supposing that the sequence (x_n) is unbounded. This contradicts the fact that ν̃_∞ = 0.

If τ_n → ∞, using the facts that x_n = (0, (y_n)_N /τ_n) and x_n → z as n → ∞ (with |z| = 1), we have to consider two possibilities. One possibility occurs if (y_n)_N /τ_n is unbounded, which is the case just treated. The other possibility occurs if (y_n)_N /τ_n is bounded. In this case we have (y_n)_N /τ_n → 0, which implies that z = (0, 0), a contradiction with |z| = 1.

Then we have ‖ν‖ = 0, ν_∞ = 0 and ∫ R^N_+ |xN |

−bq|w(x)|^q dx = 1. This shows that S_λ is attained and concludes the proof of the theorem. � Proof of Theorem 2. To prove Theorem 2 we use Lemmata 1 and 4 and follows the same ideas of [12]. See also [9, 1]. � References

[1] Assunção, R. B.; Carrião, P. C.; O. H. Miyagaki, Multiplicity of solutions for critical singular problems, Applied Mathematics Letters 19 (8), (2006), 741–746.

[2] Assunção, R. B.; Carrião, P. C.; O. H. Miyagaki, Critical singular problems via concentration-compactness lemma, J. of Math. Anal. Appl. (in press).

[3] Badiale, M.; Tarantello, G., A Sobolev-Hardy inequality with applications to a nonlinear elliptic equation arising in astrophysics, Arch. Ration. Mech. Anal. 163 (4), (2002), 259–293.

[4] Bartch, T.; Willem, M., On a elliptic equation with concave and convex nonlinearities, Proc. Amer. Math. Soc. 123 (11), (1995), 3555–3561.

[5] Ben-Naoum, A. K.; Troestler, C.; Willem, M., Extrema problems with critical Sobolev exponents on unbounded domains, Nonlinear Anal. 26 (4), (1996), 823–833.

[6] Brézis, H.; Nirenberg, L., Positive solutions of nonlinear elliptic equations involving critical Sobolev exponents, Comm. Pure Appl. Math. 36 (4), (1983), 437–477.

[7] Caffarelli, L.; Kohn, R.; Nirenberg, L., First order interpolation inequalities with weights, Compositio Math. 53 (3), (1984), 259–275.

[8] Catrina, F.; Wang, Z.-Q., On the Caffarelli-Kohn-Nirenberg inequalities:

sharp constants, existence and non existence and symmetry of extremal functions, Comm. Pure Appl. Math. 54 (2), (2001), 229–258.

[9] Chen, S.; Li, S., On multiple solutions of a singular quasilinear equation on unbounded domain, J. Math. Anal. Appl. 275 (2), (2002), 733–746.

[10] Chen, S.; Li, S., Hardy-Sobolev inequalities in half-space and some semilinear elliptic equations with singular coefficients, Nonlinear Anal. 66 (2007), 324-348.

[11] Chou, K. S.; Chu, C. W., On the best constant for a wighted Sobolev-Hardy inequality, J. London Math. Soc. 2 (1993), 137–151.

[12] Garcia-Azorero, J.; Peral Alonso, I., Multiplicity of solutions for elliptic problems with critical exponent or with a non-symmetric term, Trans. Amer. Math. Soc. 323 (1991), 877–895.

[13] Ghoussoub, N.; Yuan, C., Multiple solutions for quasi-linear PDEs involving the critical Sobolev and Hardy exponents, Trans. Amer. Math. Soc. 352 (12), (2000), 5703–5743.

[14] Huang, Y. S., On multiple solutions of quasilinear equations involving the critical Sobolev exponent, J. Math. Anal. Appl. 231 (1), (1999), 142–160.

[15] Lions, P. L., The concentration-compactness principle in the calculus of variations. The limit case. II., Rev. Mat. Iberoamericana 1 (2), (1985), 45–121.

[16] Maz’ja, V. G., Sobolev Spaces, Springer-Verlag, Berlin, 1985. [17] Mancini, G.; Fabbri, I.; Sandeep, E., Classification of solutions of a critical Hardy Sobolev operator, J. Diff. Eqns; 224 (2006), 258-276.

[18] G. Mancini, K. Sandeep, Cylindrical symmetry of extremals of a Hardy- Sobolev inequality, Ann. Mat. Pura Appl. 183 (2004), 165–172.

[19] Tshinanga, S. B., On multiple solutions of semilinear elliptic equation on unbounded domains with concave and convex nonlinearities, Nonlinear Anal. 28 (5), (1997), 809–814.

[20] Wang, Z.-Q.; Willem, M., Singular minimization problems, J. Diff. Equations 161 (2), (2000), 307–320.

Departamento de Matemática Departamento de Matemática Universidade Federal de Minas Gerais Universidade Federal de Viçosa 30123-970 - Belo Horizonte (MG) 36571-000 - Viçosa (MG) Brazil Brazil E-mail: ronaldo@mat.ufmg.br E-mail: olimpio@ufv.br E-mail: carrion@mat.ufmg.br