Matemática Contemporânea, Vol 37, 01-42 © 2009, Sociedade Brasileira de Matemática

SURFACES OF CONSTANT CURVATURE IN

3-DIMENSIONAL SPACE FORMS

José A. Gálvez

1 Introduction.

The study of surfaces immersed in a 3-dimensional ambient space plays a central role in the theory of submanifolds. In addition, Riemannian manifolds with constant sectional curvature can be considered as the most simple examples. Thus, one can think of surfaces with constant Gauss curvature in the Euclidean space R^3, hyperbolic space H^3 or 3-sphere S^3 as very natural objects of study.

Through these notes we will study some classical results on complete surfaces with constant Gauss curvature in 3-dimensional space forms, using a modern approach. The notes are organized as follows.

In Section 2 we establish some notation and recall some necessary preliminary concepts. In Section 3 we center our attention on the complete surfaces with positive constant Gauss curvature in S^3, R^3 or H^3. We shall prove the Liebmann theorem and show that the only complete examples must be totally umbilical round spheres. In particular, there is no complete surface in S^3 with constant Gauss curvature K(I) ∈ (0, 1).

In Section 4 we prove the existence of a conformal representation for flat surfaces in the hyperbolic 3-space. We shall associate to each surface a pair of holomorphic 1-forms and see that the flat surface can be recovered in terms of this holomorphic pair. We prove that the two hyperbolic Gauss maps of a flat surface are holomorphic with respect to the conformal structure given by the second fundamental form, and classify the complete flat surfaces.

Section 5 is devoted to the Hartman-Nirenberg theorem for flat surfaces in the

The author is partially supported by MCYT-FEDER, Grant No MTM2007-65249 and Grupo de Excelencia P06-FQM-01642 Junta de Andalucía.

Euclidean 3-space. We shall show that a complete flat surface in R^3 must be a right cylinder on a planar curve which is defined for all values of its arc length parameter.

In Section 6 we shall study the Bianchi-Spivak representation of a flat surface in

S^3. We start showing the existence of global Tschebyscheff coordinates in a complete

flat surface. We prove that the asymptotic curves of a flat surface have torsion ±1 when the curvature of the curves does not vanish. Moreover, these asymptotic curves are characterized in a simple way which generalizes the torsion ±1 concept. We recall the quaternionic model of S^3 and show that any complete flat surface Σ in S^3 can be recovered by multiplication of the two asymptotic curves passing across a point p ∈ Σ. We also prove the converse of this result in terms of curves with generalized torsion ±1. Finally, we note that every asymptotic curve of a flat torus is closed. Thus, flat tori can be classified.

In Section 7 we prove the Hilbert theorem. Thus, we show that there is no complete surface with constant negative Gauss curvature K(I) in R^3 or S^3. The same happens for complete surfaces in H^3 when K(I) < −1. There exist complete surfaces in H^3 with constant Gauss curvature K(I) ∈ [−1, 0[.

2 Some preliminary concepts.

Let us denote by M^3(c) to the simply-connected Riemannian 3-space with constant sectional curvature c = −1, 0, 1. That is, M^3(c) denotes to the hyperbolic space H^3 if c = −1, to the Euclidean space R^3 when c = 0 or to the sphere S^3 if c = 1.

Now, consider an oriented Riemannian surface Σ with induced metric I = ⟨, ⟩ and f : Σ −→ M^3(c) an isometric immersion. Let N be a unit normal along Σ which is compatible with the orientation, and II its associated second fundamental form. That is, II(X, Y ) = ⟨−∇_X N, Y ⟩, X, Y ∈ X(Σ),

where X(Σ) denotes to the set of smooth vector fields in Σ, and ∇ the Levi-Civita connection of the ambient space.

If k_1, k_2 are the principal curvatures of the immersion, namely, the eigenvalues of the shape operator S, given by SX = −∇_X N, then we shall denote by

K = k_1k_2, H = k_1 + k_2 2 to the extrinsic curvature and to the mean curvature of the immersion, respectively. These two quantities are extrinsic and depend on how S is immersed into M^3(c).

On the other hand, we denote by K(I) to the curvature of the metric I, namely, the Gauss curvature, which is an intrinsic quantity.

For the previous immersion f : Σ −→ M^3(c) the following relations must be satisfied Gauss equation: K(I) = K + c, Mainardi-Codazzi equation: ∇_X SY − ∇_Y SX − S[X, Y ] = 0, X, Y ∈ X(Σ), where ∇ is the Levi-Civita connection of the metric I.

In fact, Bonnet’s theorem asserts that given a simply-connected Riemannian surface ~Σ with induced metric I and a self-adjoint endomorphism S, the Gauss and Mainardi-Codazzi equations are sufficient for the existence of an immersion ~f : ~Σ −→

M^3(c), whose induced metric is I and whose shape operator is S. Moreover, that im-

mersion is unique up to rigid motions.

It is a remarkable fact that the Mainardi-Codazzi equation does not depend on c. Hence, it agrees for the ambient spaces H^3, R^3 and S^3.

Moreover, this equation appears in different contexts, which motivates the study of the equation from an abstract point of view, since every result obtained from the abstract setting will be applied in different situations. Thus, we introduce the concept of Codazzi pair:

Codazzi pairs.

We start by defining the framework where the extrinsic curvature and mean curvature can be defined.

Definition 1. A fundamental pair on an oriented surface Σ is a pair of real quadratic forms (I, II) on Σ, where I is a Riemannian metric.

Associated with a fundamental pair (I, II) we define the shape operator S of the pair as II(X, Y ) = I(S(X), Y ) (1)

for any vector fields X, Y on Σ.

Conversely, from (1) it becomes clear that the quadratic form II is totally determined by I and S. In other words, to give a fundamental pair on Σ is equivalent to give a Riemannian metric on Σ and a self-adjoint endomorphism S.

We define the mean curvature, the extrinsic curvature and the principal curvatures of (I, II) as half the trace, the determinant and the eigenvalues of the endomorphism S, respectively.

In particular, given local parameters (x, y) on Σ such that

I = E dx^2 + 2F dxdy + G dy^2, II = e dx^2 + 2f dxdy + g dy^2,

the mean curvature and the extrinsic curvature of the pair are given, respectively, by

H = H(I, II) =

Eg + Ge − 2F f

2(EG − F^2)

, K = K(I, II) = eg − f^2 EG − F^2 . Moreover, the principal curvatures of the pair are H ± √ H^2 − K.

We shall say that the pair (I, II) is umbilical at p ∈ Σ if II is proportional to I at p, or equivalently:

• if both principal curvatures coincide at p, or

• if S is proportional to the identity map on the tangent plane at p, or

• if H^2 − K = 0 at p.

We define the Hopf differential of the fundamental pair (I, II) as the (2,0)-part of II for the Riemannian metric I. That is, if we consider Σ as a Riemann surface with respect to the metric I and take a local conformal parameter z, then I = 2λ |dz|^2 II = Q dz^2 + 2λ H |dz|^2 + Q dz^2. (2)

The quadratic form Q dz^2, which does not depend on the chosen parameter, is known as the Hopf differential of the pair (I, II). We note that (I, II) is umbilical at p ∈ Σ if, and only if, Q(p) = 0.

All the above definitions can be understood as natural extensions of the corresponding ones for isometric immersions of a Riemann surface in a 3-dimensional ambient space, where I plays the role of the induced metric and II the role of its second fundamental form.

A specially interesting case for our study happens when the fundamental pair satisfies, in an abstract way, the Mainardi-Codazzi equation for surfaces in M^3(c),

Definition 2. We say that a fundamental pair (I, II), with shape operator S, is a Codazzi pair if

∇_X SY − ∇_Y SX − S[X, Y ] = 0, X, Y ∈ X(Σ), (3)

where ∇ stands for the Levi-Civita connection associated with the Riemannian metric I. A first important remark is the following: given a fundamental pair (I, II) and a conformal parameter z for I then, from (2), a straightforward computation gives that (I, II) is a Codazzi pair if and only if

Q_z = λH_z . (4)

In particular, this means the Hopf differential Qdz^2 is holomorphic if and only if the mean curvature is constant.

We observe that the existence of a holomorphic quadratic form for a class of surfaces is a very useful tool, which can be used in order to obtain geometric properties about the behavior of those surfaces. As an example, we get

Theorem 1 (Hopf). Let (I, II) be a Codazzi pair of constant mean curvature H on a topological sphere Σ. Then (I, II) is totally umbilical.

When this result is used for immersions into M^3(c) asserts that a topological sphere of constant mean curvature in M^3(c) must be necessarily a round sphere [17].

Proof of Theorem 1. If the pair (I, II) has constant mean curvature then Q_z ≡ 0. The only holomorphic quadratic form on a sphere vanishes identically. Thus Qdz^2 ≡ 0 and (I, II) is totally umbilical. � We shall apply the same technique in the next Section in order to prove the Liebmann theorem.

Finally, it should be observed that U. Abresch and H. Rosenberg have extended the Hopf theorem for surfaces immersed in 3-dimensional homogeneous manifolds with a 4-dimensional isometry group. They obtain a quadratic holomorphic differential which allows them to characterize the spheres of constant mean curvature as the revolution examples [1, 2]. For the 3-dimensional homogeneous ambient space Sol_3, a recent result has been obtained by B. Daniel and P. Mira [10].

3 Surfaces with positive constant Gauss curvature.

Let us start with a surface Σ endowed with a complete Riemannian metric I of constant Gauss curvature K(I) = k > 0. Thus, if Σ is simply-connected then Σ is isometric to the standard sphere S^2(r) of radius r = 1/ √ k, from the Cartan-Hadamard theorem.

The following theorem asserts how a complete Riemannian surface with positive constant Gauss curvature can be immersed in H^3, R^3 or S^3.

Theorem 2 (Liebmann). Let Σ be a surface and f : Σ −→ M^3(c) a complete immersion with positive constant Gauss curvature. Then f(Σ) is a totally umbilical round sphere.

Observe that, from the Gauss equation, a surface with constant Gauss curvature must also have constant extrinsic curvature. In R^3 both curvatures agree, and they differ by a constant in H^3 and S^3. Moreover, if the Gauss curvature is positive then the extrinsic curvature of the surface is also positive in H^3 and R^3. However, if the Gauss curvature K(I) is positive in S^3 then the extrinsic curvature is only positive if K(I) > 1.

Bearing in mind these comments, the Liebmann theorem for M^3(c) (with K(I) > 1 in S^3) will be a consequence of the following result [23].

Theorem 3. Let (I, II) be a Codazzi pair on a surface Σ with positive constant extrinsic curvature. Then the (2,0)-part of I with respect to the Riemannian metric II is a holomorphic quadratic form.

In particular, if Σ is a topological sphere then the pair (I, II) is totally umbilical.

Proof. Since K = k_1k_2 > 0, we can orientate Σ such that k_1 and k_2 are positive. In particular, with this orientation II is a Riemannian metric.

Thus, if we take a local conformal parameter z for the Riemannian metric II, then we can write

I = P dz^2 + 2λ|dz|^2 + P dz^2, II = 2ρ|dz|^2.

Now, let us denote by Γ^k_{ij} to the Christoffel symbols of the Levi-Civita connection of I with respect to the parameter z. That is,

∇ ∂_{∂z} ∂ ∂z = Γ^1_1 ∂ ∂z + Γ^2_{11} ∂ ∂z , ∇ ∂_{∂z} ∂ ∂z = Γ^1_2 ∂ ∂z + Γ^1_2 ∂ ∂z . If we denote by D = λ^2 − |P |^2, a direct computation gives

D_z 2D = Γ^1_1 + Γ^1_2.

The Codazzi equation for the parameter z gives ρ_z ρ = Γ^1_1 − Γ^1_2.

And K = ρ^2/D is constant, one has 2ρ_z/ρ = D_z/D. Or equivalently, Γ^1_2 = 0. Therefore, P_z = ∂ ∂z I � ∂ ∂z , ∂ ∂z � = 0, as we wanted to show.

Since a holomorphic 2-form in a sphere Σ must vanish identically then P dz^2 ≡ 0 in Σ. Hence, (I, II) must be totally umbilical. � In order to finish the proof of the Liebmann theorem, it is necessary to study the case of an immersion f : Σ −→ S^3 with constant Gauss curvature K(I) = k ∈ (0, 1].

When k ∈ (0, 1) then the extrinsic curvature is negative. Thus, the principal curvatures satisfy k_1k_2 < 0, and k_1 ≠ k_2 on Σ. But this fact contradicts the Poincaré index theorem, since the universal cover of Σ is a sphere.

The case k = 1 depends more strongly on the Gauss equation. For that, we argue as follows: Let p be a non-umbilical point on an immersed sphere Σ of constant Gauss curvature 1 in S^3. Then, let us take doubly orthogonal parameters (u, v) in a neighborhood of p, that is,

I = Edu^2 + Gdv^2, II = k_2Gdv^2.

Here, one principal curvature must vanish since, from the Gauss equation, the extrinsic curvature also vanishes. And k_2 is different from 0.

The Codazzi equation yields E_v = 0 and (k^2 G)_u = 0. Thus, taking ~u with d~u = � E(u)du, if necessary, we can assume E ≡ 1. And analogously, from the equation (k^2 G)_u = 0 we have

I = du^2 + 1 k^2 dv^2, II = 1 k_2 dv^2.

Therefore, the Gauss curvature takes the form

1 = −|k_2| � 1 |k_2| � uu . (5)

Since Σ is compact, either Σ is totally umbilical or there exists a non-umbilical point where k_2 has a maximum or minimum. But the latter case is not possible since every solution of the real equation h^{′′}(t) + h(t) = 0 has no positive local minimum, and 1/|k_2| would have a positive local minimum, which contradicts (5).

Therefore, Σ is a totally umbilical sphere, which finishes Liebmann theorem. �

The techniques of Codazzi pairs in Theorem 3 have been used in the ambient spaces H^2 × R and S^2 × R in order to obtain a Liebmann type theorem [3] (see also [8]).

There are some interesting open problems related with the existence of surfaces with positive Gauss curvature:

If Σ is a surface with positive Gauss curvature in R^3 and boundary lying on a plane P then it is easy to see that ∂Σ is a convex Jordan curve. Moreover, given a convex Jordan curve Γ lying on a plane P , there exists a constant k > 0 such that for all k^′ ∈ (0, k] there is a surface Σ with Gauss curvature k^′ whose boundary is Γ (see for instance [15]).

An open problem is to find the best value of k in terms of the curve Γ. It is known that some restrictions must be satisfied. For instance, k and Γ must satisfy the following inequality

k ≤ π A_Γ ,

where A_Γ is the planar area enclosed by Γ [11]. Moreover, the equality in the inequality above is only possible when Γ is a circle and Σ is a hemisphere.

On the other hand, given a convex planar Jordan curve Γ it is not known if fixed a constant k > 0 there exist exactly two non-isometric surfaces with Gauss curvature k and boundary Γ.

A specially interesting problem is to find the closed surfaces in R^3 with constant Gauss curvature and with a small number of singularities, that is, with a finite number of isolated singularities. As we have proved, if there is no singularity then the surface must be a round sphere. It is not difficult to prove that there is no closed surface with only one singularity, by using Alexandrov reflection principle. And revolution surfaces are the only surfaces with two singularities. However, the existence of these surfaces for a finite number of singularities greater than two is not known.

4 Flat surfaces in the hyperbolic 3-space.

In the Lorentz-Minkowski model, L^4, the hyperbolic 3-space is described by one connected component of a two-sheeted hyperboloid. More precisely,

H^3 = � (x_0, x_1, x_2, x_3) ∈ R^4 : −x^2_0 + x^2_1 + x^2 + x^2_3 = −1, x_0 > 0 � (6) endowed with the induced metric of L^4 given by the quadratic form −x^2_0 + x^2_1 + x^2 + x^2_3. Let N^3_+ = � (x_0, x_1, x_2, x_3) ∈ R^4 : −x^2_0 + x^2_1 + x^2 + x^2_3 = 0, x_0 > 0 �

be the positive null cone in L^4. And consider the following relation in N^3_+

x, y ∈ N^3_+ are identified if and only if there exists λ > 0 : x = λy.

With this identification N^3_+/R^+ is a topological sphere. In fact N^3_+/R^+ inherits a natural conformal structure and can be regarded as the ideal boundary S^2_∞ of H^3.

We shall regard L^4 as the space of 2 × 2 Hermitian matrices, Herm(2), in the standard way, by identifying (x_0, x_1, x_2, x_3) ∈ L^4 with the matrix � x_0 + x_3 x_1 + ix_2 x_1 − ix_2 x_0 − x_3 � . (7)

Under this identification the inner product of L^4 can be recovered from the equality ⟨m, m⟩ = − det(m) for all m ∈ Herm(2). Then H^3 is the set of m ∈ Herm(2) with det(m) = 1. The action of SL(2, C) on these Hermitian matrices defined by

g · m = gmg^∗,

where g ∈ SL(2,C), g^∗ =^tg, preserves the inner product, leaves H^3 invariant and is transitive. The kernel of this action is {±I_2} ⊆ SL(2, C) and PSL(2, C) =

SL(2, C)/{±I_2} can be regarded as the identity component of the special Lorentzian

group SO(1, 3).

The space N^3_+ is seen as the space of positive semi-definite 2 × 2 Hermitian matrices of determinant 0 and its elements can be written as w^tw, where^tw = (w_1, w_2) is a non zero vector in C^2 uniquely defined up to multiplication by a unimodular complex number. The map w^tw −→ [(w_1, w_2)] ∈ CP^1 becomes the quotient map of N^3_+

on S^2_∞ and identifies S^2_∞ to CP^1. Thus, the natural action of SL(2, C) on S^2_∞ is the

action of SL(2, C) on CP^1 by Möbius transformations.

Now, let Σ be a surface and ψ : Σ −→ H^3 an immersion with Gauss map η. Then, the image of the map ψ + η lies in N^3_+, since ⟨ψ, ψ⟩ = −1, ⟨ψ, η⟩ = 0 and ⟨η, η⟩ = 1. Therefore, we can define the (positive) hyperbolic Gauss map of the immersion as G^+ = [ψ + η] : Σ −→ S^2_∞ ≡ N^3_+/R^+.

Analogously, the negative hyperbolic Gauss map can be defined as G^− = [ψ −η] : Σ −→ S^2_∞ ≡ N^3_+/R^+. It is important to observe that in general both hyperbolic Gauss maps have nothing to do, that is, they are not related.

The geometric interpretation of the previous definitions is the following (See Figure 1). Let p ∈ Σ and γ(t) the oriented geodesic in H^3 such that γ(0) = ψ(p) and γ^′(0) = η(p). Then G^+(p) (analog. G^−(p)) can be seen as the intersection of γ(t) and the ideal boundary S^2_∞ when t → ∞ (analog. when t → −∞).

Figure 1: G^+(p) and G^−(p) in the Poincaré model of H^3.

Let us start with a flat surface Σ in H^3, that is, with intrinsic curvature K(I) = 0. From the Gauss equation the product of its principal curvatures k_1k_2 = 1. Thus, we can choose a unit normal in Σ such that k_1 and k_2 are positive, or equivalently, the second fundamental form is a Riemannian metric. We shall always fix that normal throughout this section.

Proposition 1. Let Σ be a surface and ψ : Σ −→ H^3 a flat immersion with unit normal η. If we consider Σ as a Riemann surface with the conformal structure induced by II, then ψ + η, ψ − η : Σ −→ N^3_+ are conformal maps . In particular, the hyperbolic Gauss maps G^+, G^− : Σ −→ S^2_∞ are conformal for II.

Proof. Let p ∈ Σ and {e_1, e_2} an orthonormal basis at p such that −dη(e_1) = k_1e_1 and −dη(e_2) = k_2e_2. Then at p,

II(e_1, e_1) = k_1 ⟨d(ψ + η)(e_1), d(ψ + η)(e_1)⟩ = (1 − k_1)^2 II(e_1, e_2) = 0 ⟨d(ψ + η)(e_1), d(ψ + η)(e_2)⟩ = 0 II(e_2, e_2) = k_2 ⟨d(ψ + η)(e_2), d(ψ + η)(e_2)⟩ = (1 − k_2)^2 Therefore, ψ + η is conformal at p if and only if (1 − k_1)^2 k_1 = (1 − k_2)^2 k_2 . Or equivalently, (k_1k_2 − 1)(k_1 − k_2) = 0; which is satisfied because k_1k_2 = 1 in Σ.

Analogously, it can be proved that ψ − η is conformal. � Now, let us start with a simply connected surface Σ and a flat immersion ψ :

Σ −→ H^3 with unit normal η. Then, from Proposition 1, G^+ : Σ −→ S^2_∞ ≡ CP^1 is conformal and, so, there exist holomorphic functions A, B such that G^+ = [ψ + η] = [(A, B)]. Then,

ψ + η = R_1 � A B � � A, B � = R_1 � AA AB AB BB � , for some positive regular function R_1.

Analogously, since G^− : Σ −→ S^2_∞ ≡ CP^1 is conformal, there exist holomorphic functions C, D such that G^− = [ψ − η] = [(C, D)]. Then,

ψ − η = R_2 � C D � � C, D � = R_2 � CC CD CD DD � , for some positive regular function R_2.

By taking g = � A C B D � we have

ψ + η = g � R_1 0 0 0 � g^∗, ψ − η = g � 0 0 0 R_2 � g^∗. (8) So, ψ = 1 2 g � R_1 0 0 R_2 � g^∗, η = 1 2 g � R_1 0 0 −R_2 � g^∗. (9)

Since, ⟨ψ, ψ⟩ = −1 we have 1 = 1 4 det � g � R_1 0 0 R_2 � g^∗ � = 1 4 R_1 R_2 |det(g)|^2. (10)

As |det(g)| ≠ 0 and det(g) is holomorphic, there exists a well defined holomorphic function h_1 in Σ such that h_1 = � det(g). Thus, by substituting the previous A, B, C, D by A/h_1, B/h_1, C/h_1, D/h_1, respectively, one has detg = 1. Moreover, R_1R_2 = 4 from (10), that is, R_2 = 4/R_1.

With this

g^{−1}g_z = � D −C −B A � � A^′ C^′ B^′ D^′ � =: � a_{11} a_{12} a_{21} −a_{11} � , (11)

and so

(ψ + η)_z = g � a_{11} a_{12} a_{21} −a_{11} � � R_1 0 0 0 � + � (R_1)_z 0 0 0 � g^∗. (12)

By using ⟨(ψ + η)_z , ψ − η⟩ = 0 one has from (8) and (12)

a_{11} +

(R_1)_z R_1

= 0. (13)

since R_2 = 4/R_1.

Thus, h_2 = log(R_1) is a harmonic function. That is, there exists a non vanishing holomorphic function h_3 in Σ such that R_1 = e^{h2} = 2|h_3|^2.

Therefore, replacing again A, B, C, D by Ah_3, Bh_3, C/h_3, D/h_3, one has from (9) ψ = gg^∗, η = g � 1 0 0 −1 � g^∗. (14)

Moreover, from (13), the new holomorphic function a_{11} given by (11) vanishes identically. That is, we can write

g^{−1}g_z = � 0 a_{12} a_{21} 0 � . With all of this, we have found a holomorphic map g : Σ −→ SL(2, C) given by g = � A C B D � (15)

such that the immersion ψ and its unit normal η can be recovered by (14). Moreover, the hyperbolic Gauss maps are given by

G^+ = A B ∈ S^2_∞, G^− = CD ∈ S^2_∞ (16)

and g satisfies g^{−1}dg = � 0 ω θ 0 � , where ω, θ are holomorphic 1-forms in Σ.

Let us suppose there exists another holomorphic map g_0 : Σ −→ SL(2, C) such that ψ = g_0g^∗_0 , η = g_0 � 1 0 0 −1 � g^∗_0 .

Then, from (14), gg^∗ = g_0g^∗_0 and so g^{−1}g_0(g^{−1}g_0)^∗ = I_2, where I_2 denotes the identity matrix. Thus, g^{−1}g_0 = � p q −q p � , (17)

for certain complex functions p, q such that |p|^2 + |q|^2 = 1.

Since g, g_0 are holomorphic then p, q must be constant. In addition, as g � 1 0 0 −1 � g^∗ = g_0 � 1 0 0 −1 � g^∗_0

one has that q must vanish identically. Hence, from (17),

g_0 = g � e^{iφ} 0 0 e^{−iφ} � , for a real constant φ.

In particular, g_0 also satisfies (16) and

g^{−1}_0 dg_0 = � 0 e^{−2iφ}ω e^{2iφ}θ 0 � . (18)

Thus, we obtain the following representation of flat immersions in terms of holomorphic data [12].

Theorem 4 (Conformal representation).

(i) Let Σ be a simply connected surface and ψ : Σ −→ H^3 a flat immersion with unit normal η. Consider Σ as a Riemann surface with the conformal structure induced by its second fundamental form. Then, there exists a holomorphic map g : Σ −→

SL(2, C) and two holomorphic 1-forms ω, θ with |ω| > |θ| such that

ψ = gg^∗, η = g � 1 0 0 −1 � g^∗, (19) and g^{−1}dg = � 0 ω θ 0 � . (20)

Besides, its hyperbolic Gauss maps are given as in (15) and (16).

If g_0 : Σ −→ SL(2, C) is another holomorphic curve in the conditions above then g_0 = g � e^{iφ} 0 0 e^{−iφ} � , for a real constant φ.

Moreover, its induced metric and its second fundamental form are given by

I = ωθ + (|ω|^2 + |θ|^2) + ωθ, II = |ω|^2 − |θ|^2. (21)

(ii) Conversely, let Σ be a Riemann surface and g : Σ −→ SL(2, C) a holomorphic map such that g^{−1}dg = � 0 ω θ 0 � , for certain 1-forms ω, θ with |ω| > |θ|. Then, ψ = gg^∗ is a flat immersion in H^3 with unit normal vector field η given by (19). Moreover, its induced metric and its second fundamental form are given by (21).

Proof. In order to prove (i), we need to compute the induced metric and second fundamental form of the immersion.

Thus, if we take a local conformal parameter z and we write ω = ω_1dz, θ = θ_1dz, then from (19) and (20)

ψ_z = g � 0 ω_1 θ_1 0 � g^∗, η_z = g � 0 ω_1 θ_1 0 � � 1 0 0 −1 � g^∗.

Hence, one obtains

⟨ψ_z , ψ_z⟩ = ω_1θ_1, ⟨ψ_z , ψ_z⟩ = 1 2 (|ω_1|^2 + |θ_1|^2),

⟨ψ_z , −η_z⟩ = 0, ⟨ψ_z , −η_z⟩ = 1 2 (|ω_1|^2 − |θ_1|^2).

Thus (21) is proved, and since II is positive definite |ω| > |θ|.

The converse is a straightforward computation. �

The pair (ω, θ) given by the theorem above is usually called the Weierstrass data associated with the flat immersion. As it was proved in (18), they are unique up to multiplication by a unit complex number p in the following way (p ω, p θ).

In particular, ωθ, |ω| and |θ| are uniquely defined.

Remark 1. Since |ω| > 0 one obtains that G^− is a local diffeomorphism because (G^−)^′(z) ≠ 0 at every point. This was first observed by L. Bianchi [5]. In fact, he proved that the map G^− → G^+ is holomorphic and gave a representation of flat immersions using Euclidean congruence of spheres.

Using the conformal representation above, we give a new proof of the classification of the complete flat surfaces in H^3, obtained by Volkov and Vladimirova [31].

Theorem 5. Let Σ be a surface and ψ : Σ −→ H^3 a complete flat immersion. Then ψ(Σ) is either a horosphere or the set of points at a fixed distance from a geodesic.

Proof. Passing to the universal cover of Σ, if necessary, we can assume that Σ is simply connected. Hence, with the conformal structure determined by the second fundamental form, Σ must be biholomorphic either to the unit disk D or to the complex plane C.

If (ω, θ) is the Weierstrass data associated with the immersion, then from (21) and since |ω| > |θ| I ≤ 4|ω|^2.

Thus, 4|ω|^2 is a conformal complete flat metric in Σ. Thus, Σ with this metric must be isometric to the Euclidean plane. In particular, Σ is conformal to C.

On the other hand, the modulus of the holomorphic function θ/ω is less than one in Σ ≡ C. Hence, θ/ω is a complex constant c_0, with |c_0| < 1.

By using |ω| ≠ 0, we can take a local conformal parameter z such that ω = dz. Thus, from (20), we must find a holomorphic immersion g = � A C B D � ∈ SL(2, C)

satisfying g^{−1}g_z = � 0 1 c_0 0 � . Or equivalently, � A^′ C^′ B^′ D^′ � = � c_0 C A c_0 D B � . Thereby, A, B, C, D are solutions of the differential equation X^{′′} = c_0 X.

If c_0 = 0 the solutions of the previous ODE are X(z) = a + bz for suitable constants a, b ∈ C. In such a case

g = m_0 � 1 z 0 1 � , where m_0 is a constant matrix in SL(2, C).

Therefore, the flat immersion is, up to the isometry m_0ψm^∗_0, given by

ψ(z) = � 1 z 0 1 � � 1 0 z 1 � = � 1 + |z|^2 z z 1 � . Since the last coordinate of the matrix is constant one has from (7), ψ_0 +ψ_3 = 1. That is, ψ(Σ) lies on a horosphere, and ψ(Σ) is the whole horosphere by completeness. (See Figure 2.)

Figure 2: A horosphere in the half-space model of H^3.

If c_0 ≠ 0 the solutions of the previous ODE are X(z) = ae^{√c0z} + be^{−√c0z} for

suitable constants a, b ∈ C. In such a case

g = m_0

�_4�_{c0} 4 e^{−√c0z −1}_4^√_{4c0} e^{−√c0z} 4�_{c0} 4 e^{√c0z 1}_4^√_{4c0} e^{√c0z} � ,

where m_0 is a constant matrix in SL(2, C).

Then, up to an isometry, the flat immersion is given by

ψ(z) = 1 2|c_1| � (|c_1|^2 + 1)e^{−c1z−c1z} (|c_1|^2 − 1)e^{−c1z+c1z} (|c_1|^2 − 1)e^{c1z−c1z} (|c_1|^2 + 1)e^{c1z+c1z} �

where c_1 = √ c_0.

The surface, given by the points whose distance to the geodesic � e^s 0 0 e^{−s} �

is a constant R > 0, can be parametrized by

F (s, t) = � cosh R e^s sinh R e^{it} sinh R e^{−it} cosh R e^{−s} � .

Thus, ψ(z) lies on the surface F (s, t) for R = arcsinh

�_{1−|c1|2}

2|c_1| � as we wanted to

show. (See Figure 3.)

Figure 3: A surface equidistant from a geodesic in the half-space model of H^3. �

The conformal representation is a useful tool and can be used for investigating the geometric behavior of flat immersions. For instance, it was used for proving that a properly embedded annular end must be asymptotic to a revolution surface (see [12] and [6]).

Since the complete flat immersions in H^3 are well known, it is interesting to pose the study of flat surfaces with singularities. These “surfaces” are being intensively studied by different authors (see [6], [13], [24], [25], [26], [28]). To this respect, and bearing in mind that a flat surface is locally convex in H^3, it seems of special interest to research the complete surfaces Σ in H^3 such that they are the boundary of a convex body with a small number of singularities. This problem is still open (see [13], [6]).

5 Flat surfaces in the Euclidean space.

We start with a flat immersion ψ : Σ −→ R^3. From the Gauss equation the product of the principal curvatures of the immersion vanishes identically. We consider two subsets of Σ given by the interior of the umbilical points, Σ_U , and the set of non umbilical points Σ_N .

It is clear that the closure of Σ_U ∪ Σ_N is the whole surface. Thus, we study both subsets independently in order to understand ψ(Σ).

The set Σ_U is made of umbilical points with vanishing principal curvatures. Hence, every connected component of ψ(Σ_U ) lies on a plane.

Thus, we will focus our attention on the study of Σ_N .

Lemma 1. Let Υ ⊆ Σ_N be a line of curvature corresponding to the vanishing principal curvature, then ψ(Υ) is a straight segment in R^3 with no umbilical point.

Moreover, if ψ is a complete immersion and Υ is a line of curvature associated to the principal curvature 0 with a non umbilical point p_0 ∈ Υ, then ψ(Υ) is a straight line of R^3 with no umbilical point.

Proof. Since Υ ⊆ Σ_N there exist local coordinates (u, v) such that

I = Edu^2 + Gdv^2, II = k_2Gdv^2.

Here, the coordinate curves are the lines of curvature of the immersion.

The Codazzi equation gives E_v = 0 and (k^2 G)_u = 0. Thus, up to a change of parameters as we did in Section 3, we can assume

I = du^2 + 1 k^2 dv^2, II = 1 k_2 dv^2.

The vector ψ_{uu} has no normal part since k_1 ≡ 0. Thus, ψ_{uu} = Γ^1_1ψ_u + Γ^2_{11}ψ_v , and from the expression of I one has Γ^1_1 = 0 = Γ^2_{11}.

Therefore the curves α(u) = ψ(u, v_0) which are parametrized by the length arc satisfy α^{′′}(u) = 0. That is, α(u) is a segment of line in R^3.

The Gauss equation yields � 1 k_2 � uu = 0. (22)

That is, for the segment α(u) one has that the second principal curvature k_2 satisfies the equation (22) for the arc length parameter of the curve u. Thus, if there exists a first umbilical point when u → u_0 then k_2 must tend to 0, which contradicts (22).

Therefore, α(u) has no umbilical point. In particular, if ψ is a complete immersion α(u) must be a straight line. �

It is important to observe the following fact from the lemma above. If ψ : Σ −→

R^3 is a complete flat immersion and p_1, p_2 are non umbilical points with respective

straight lines r_1, r_2 associated with the vanishing principal curvature then r_1 = r_2 or they do not intersect. Otherwise, there would exist a unique point p ∈ r_1 ∩r_2 satisfying that two different directions (associated with r_1 and r_2) are principal directions with vanishing principal curvatures. Then p would be umbilical, which contradicts that r_1 has no umbilical point.

With all of this, we can classify the complete flat surfaces in R^3 [16].

Theorem 6 (Hartman-Nirenberg). Let ψ : Σ −→ R^3 be a complete flat immersion. Then ψ(Σ) is a right cylinder on a planar curve which is defined for all values of its arc length parameter.

Proof. Passing to the universal cover of Σ, if necessary, we can assume that Σ is simply connected. So, Σ is a simply connected flat surface and thereby Σ is isometric to the Euclidean plane R^2. Hence, we shall work with R^2 instead of Σ.

If ψ is totally umbilical then the image is a plane. Thus, we shall assume there is a non umbilical point.

Let p_0 ∈ R^2 be a non umbilical point. By using Lemma 1 there exists a line of curvature Υ_0 ⊆ R^2 such that ψ(Υ_0) is a straight line. Since ψ(Υ_0) is a geodesic of

R^3 then Υ_0 is a geodesic of the surface and Υ_0 is a straight line in R^2.

Up to an isometry in R^2 we can assume that Υ_0 is a vertical line. Then, let us show that the image of every vertical line r ⊆ R^2 is a straight line in R^3.

Let r ⊆ R^2 be a vertical line different from Υ_0 containing a non umbilical point p_1. Let Υ_1 ⊆ R^2 be its associated line of curvature such that ψ(Υ_1) is a straight line. Reasoning as above Υ_1 must be a straight line in R^2. In addition, Υ_1 must be vertical because otherwise would intersect Υ_0 which contradicts the previous remark. Hence, r = Υ_1 and its image is a straight line.

Now, let r ⊆ R^2 be a vertical line contained in the interior of the set of umbilical points Σ_U ⊆ R^2. Since r is a geodesic in R^2 then ψ(r) is a geodesic in ψ(Σ_U ). And since ψ(Σ_U ) is a piece of a plane then ψ(r) is a straight line.

If r ⊆ R^2 is a vertical line which is not in the previous conditions then r is the limit of vertical lines r_n in the conditions above. And since ψ(r_n) is a straight line for any n then ψ(r) must also be a straight line.

With all of this, if we consider usual coordinates (x, y) in R^2 the immersion ψ is parametrized as ψ(x, y) = α(x) + yβ(x).

Here, ψ(x_0, y) is a straight line with unit vector β(x_0).

Thus,

1 = ⟨ψ_x, ψ_x⟩ = ⟨α^′(x), α^′(x))⟩ + 2y⟨α^′(x), β^′(x)⟩ + y^2⟨β^′(x), β^′(x)⟩, 0 = ⟨ψ_x, ψ_y⟩ = ⟨α^′(x), β(x)⟩ + y⟨β^′(x), β(x)⟩, 1 = ⟨ψ_y, ψ_y⟩ = ⟨β(x), β(x)⟩.

In particular ⟨β^′(x), β^′(x)⟩ = 0 and β(x) is a constant unit vector β_0. That is, the image of vertical lines in R^2 are parallel straight lines in R^3.

Moreover ⟨α^′(x), β_0⟩ = 0 and by integrating ⟨α(x)−α(x_0 ), β_0⟩ = 0. This means α(x) is contained in a plane perpendicular to the vector β_0. � 6 Flat surfaces in the 3-sphere.

This section is devoted to expose the basics of the theory of flat surfaces in the unit 3- sphere S^3. We shall begin by describing the fundamental equations of flat surfaces in terms of asymptotic parameters. Then we shall describe S^3 as well as the usual Hopf fibration in terms of quaternions. By means of this model for S^3, we shall explain the classical Bianchi method via which flat surfaces in S^3 are constructed by multiplying two intersecting asymptotic curves. We shall also describe a refinement of this method due to Kitagawa [18], which has been the fundamental tool for studying flat surfaces

in S^3 from a global viewpoint. Afterwards, we shall expose the most significative

global results regarding complete flat surfaces and flat tori in S^3. Finally, we shall discuss some of the most important open problems of the theory. The basic references for most of what follows are [14, 18, 30, 33].

6.1 Asymptotic parameters

Generally, the fundamental equations of a flat surface in S^3 are better understood by means of parameters whose coordinate curves are asymptotic curves on the surface. First, let us observe that, as the surface is flat, its intrinsic Gauss curvature vanishes identically. Consequently, by the Gauss equation, the extrinsic curvature of the surface is K = −1. In this situation, as K is a negative constant, there exist Tschebyscheff coordinates around every point. This simply means that we can choose local coordinates (u, v) such that: (a) the u-curves and the v-curves are asymptotic curves of the surface, and (b) these curves are parametrized by arclength.

Theorem 7. Let (I, II) be a Codazzi pair in a surface Σ with negative constant extrinsic curvature K. Then there exist local coordinates (u, v) and a smooth function ω(u, v) ∈ (0, π) such that I = du^2 + 2 cos ω dudv + dv^2, II = 2 √ −K sin ω dudv.

(23)

Moreover, 1. If Σ is simply connected there exist global functions u, v : Σ −→ R such that (u, v) are local coordinates in the conditions above in a neighborhood of every point.

2. If Σ is simply connected and I is complete then the previous map (u, v) : Σ −→

R^2 is a global diffeomorphism.

Proof. Let us consider local coordinates (global coordinates if Σ is simply connected) such that I = E du^2 + 2 F dudv + G dv^2, II = 2 f dudv, f > 0.

Let us denote by Γ^k_{ij} to the Christoffel symbols of the Levi-Civita connection of the induced metric with respect to the parameters (u, v). That is,

∇ ∂_{∂u} ∂ ∂u = Γ^1_1 ∂ ∂u + Γ^2_{11} ∂ ∂v , ∇ ∂_{∂u} ∂ ∂v = Γ^1_2 ∂ ∂u + Γ^2_{12} ∂ ∂v ,

∇ ∂_{∂v} ∂ ∂v = Γ^1_{22} ∂ ∂u + Γ^2_2 ∂ ∂v . Denote D = EG − F^2, then a straightforward computation gives D_u 2D = Γ^1_1 + Γ^2_{12},

D_v 2D = Γ^2_2 + Γ^1_2.

Besides, from the Codazzi equation for (I, II) one has f_u f = Γ^1_1 − Γ^2_{12}, f_v f = Γ^2_2 − Γ^1_2.

Now, we use that K = −f^2/D is a negative constant. Thus, we have

0 = − f_u f + D_u 2D = 2Γ^2_{12}, 0 = − f_v f + D_v 2D = 2Γ^1_2.

Hence, ∇ ∂_{∂u}^∂_{∂v} = 0 and so E_v = 0 = G_u.

By replacing u, v by the new local coordinates

~u = � � E(u)du, ~v = � � G(v)dv

one has I = du^2 + 2 F dudv + dv^2, II = 2 f dudv.

Since the extrinsic curvature is a negative constant K = −f^2/(1 − F^2), we have F^2 + (f/ √ −K)^2 = 1. And so there exists a smooth function ω such that

I = du^2 + 2 cos ω dudv + dv^2, II = 2 sin ω dudv,

with 0 < ω < π, since 1 − F^2 > 0.

When Σ is simply connected then we have proved that (u, v) : Σ −→ R^2 is a local diffeomorphism. Thus, if we consider the new Riemannian metric III = du^2 + 2 cos ω dudv + dv^2, then I + III = 2(du^2 + dv^2). Hence du^2 + dv^2 is a complete flat metric when I is complete. So, (u, v) : (Σ, du^2 + dv^2) −→ R^2 is a local isometry and must be a global diffeomorphism. �

As a consequence we have

Theorem 8. Let Σ be a surface and ψ : Σ −→ M^3(c) an immersion with negative constant extrinsic curvature K in a space form. Then the asymptotic curves of ψ have constant torsion τ, with τ^2 = −K at points where the curvature of the curve does not vanish. Moreover, two asymptotic curves through a point have torsions of opposite signs if they have non vanishing curvature at that point.

Proof. Using Theorem 7 there exist local coordinates (u, v) such that its induced metric and second fundamental form can be written as in (23). Thus, with this parametrization, the coordinate curves are the asymptotic curves of the immersion.

Let us take the asymptotic curve α(u) = ψ(u, v_0). Then α is parametrized by the arc length and ⟨∇_α′_{(u)}α^′(u), N(u, v_0)⟩ = 0, where N is the normal vector of the immersion and ∇ is the Levi-Civita connection in M^3(c).

Hence, if we assume the curvature of α(u) does not vanishes at u = u_0 then N(u_0, v_0) is the binormal vector at u = u_0. And the normal vector of α(u) is N(u, v_0) ∧ α^′(u) at the points where the curvature of α(u) does not vanish.

If we write N(u, v_0) ∧ α^′(u) = a(u)^∂_{∂u} + b(u)^∂_{∂v} , for suitable functions a, b, then the torsion τ(u) of α(u) can be computed as

τ(u) = −⟨∇_α′_{(u)}N(u, v_0), N(u, v_0) ∧ α^′(u)⟩ = −⟨∇_α′_{(u)}N(u, v_0), a(u) ∂ ∂u + b(u) ∂ ∂v ⟩ = b(u)⟨N(u, v_0), ∇ ∂_{∂u} ∂ ∂v ⟩ = b(u) √ −K sin ω(u, v_0).

Here, b(u) can be calculated by considering the inner product with^∂_{∂u} and^∂_{∂v} in the equality N(u, v_0) ∧ α^′(u) = a(u)^∂_{∂u} + b(u)^∂_{∂v}

0 = ⟨N(u, v_0) ∧ α^′(u), ∂ ∂u ⟩ = a(u) + b(u) cos ω

sin ω = ⟨N(u, v_0) ∧ α^′(u), ∂ ∂v ⟩ = a(u) cos ω + b(u).

That is, b(u) = 1/ sin ω and τ(u) = √ −K as we wanted to show. Analogously, it can be proved that that the torsion of β(v) = α(u_0, v) is − √ −K, where N(u_0, v) is the binormal vector of the curves. �

For a flat immersion in S^3 the function ω, called the angle function, has two basic properties: Firstly, as I is regular then 0 < ω < π, that is ω is bounded. Secondly, the Gauss equation of the surface translates into ω_{uv} = 0. In other words, the angle ω verifies the homogeneous wave equation, and thus it can be locally decomposed as ω(u, v) = ω_1(u)+ω_2(v), where ω_1 and ω_2 are smooth real functions. Let us point out here that as the flat surfaces in S^3 are described by the homogeneous wave equation, which is hyperbolic, it turns out that flat surfaces in S^3 will not be real analytic in general.

As these Tschebyscheff coordinates (T -coordinates from now on) are essential for the local study of flat surfaces, it is important to understand when are they globally available on a surface, in order to develop a global theory. We have proved that any simply-connected complete flat surface in S^3 has globally defined T -coordinates. If we drop the trivial topology assumption, this is no longer true. It turns out that simply connected flat surfaces in S^3 do not possess in general globally defined T - coordinates, but instead, they admit a globally defined Tschebyscheff immersion. In other words, we can take two maps u, v from the surface into R that verify all the properties of T -coordinates, except for the fact that the map (u, v) into R^2 may not be injective. The existence of this T -immersion is enough in many cases to deal globally with non-complete flat surfaces in S^3. It was proved in [14] that T -coordinates are globally available on any (not necessarily complete) simply connected real-analytic flat surface in S^3.

6.2 The quaternionic model for S^3

The best way to describe explicitly flat surfaces in S^3 is to regard the 3-sphere as the set of unit quaternions. Let us explain this model for S^3 briefly.

We begin by identifying R^4 with the quaternions in the standard way, that is, (x_1, x_2, x_3, x_4) is viewed as the quaternion x_1 + ix_2 + jx_3 + kx_4. Recall that in the product of quaternions

i j = k j k = i k i = j j i = −k k j = −i i k = −j i i = −1 j j = −1 k k = −1.

In that way the unit 3-sphere S^3 ⊂ R^4 is regarded as the space of unit quaternions, i.e. quaternions x with unit norm, ‖x‖ = 1. We also point out that S^2 ≡ S^3∩{x_1 = 0} can be seen as the space of purely imaginary unit quaternions.

The advantage of this model is that, by using the usual product of quaternions, the space S^3 receives in a natural way a Lie group structure. Indeed, if x, y ∈ S^3, then x y ∈ S^3. Moreover, the left and right translations x → x a and x → a x turn out to be isometries for the standard Riemannian metric of S^3. In other words, the metric

of S^3 is bi-invariant with respect to this Lie group structure. Thus we have for any

x, y, a ∈ S^3 that ⟨x, y⟩ = ⟨a x, a y⟩ = ⟨x a, y a⟩.

Apart from multiplication, there is another operation with quaternions that will be useful to us: the conjugation x := x_1 +ix_2 +jx_3 +kx_4 → x̄ = x_1 −ix_2 −jx_3 −kx_4. It turns out that conjugation is geometrically an orientation reversing isometry in S^3. Moreover we have x̄ = x^{−1} whenever x ∈ S^3, and in addition x̄ = −x if x ∈ S^2 ⊂

S^3. Let us remark that ⟨x, x⟩ = xx and x y = ȳ x̄.

We end up the description of the geometry of S^3 via quaternions with the introduction of the usual Hopf fibration. Let us define Ad(x)y := x y x̄, where x, y ∈ S^3. Then the Hopf fibration h : S^3 −→ S^2 is given by h(x) = Ad(x)i = x i x̄. It follows immediately that the fibers h^{−1}(p) are great circles of S^3. In fact, if p = ip_2 + jp_3 + kp_4 is a point in S^2 then h^{−1}(p) is the great circle given by

h^{−1}(p) = � x_1 + ix_2 + jx_3 + kx_4 ∈ S^3 :

−p_4x_1 + p_3x_2 − (1 + p_3)x_3 = 0, p_3x_1 + p_4x_2 − (1 + p_2)x_4 = 0 � , if p_2 ≠ −1

h^{−1}(−i) = {jx_3 + kx_4 ∈ S^3 : x_3, x_4 ∈ R}.

The Hopf fibration will be crucial for describing flat surfaces in S^3. Let us also remark that one can define skew Hopf fibrations by means of h_ξ(x) := Ad(x)ξ :

S^3 −→ S^2, where ξ ∈ S^2 is fixed but arbitrary. The fibers will still be great circles of S^3.

6.3 First examples of flat surfaces in S^3

The simplest way to obtain flat surfaces in S^3 is by means of the Hopf fibration. This is due to the following remark by H.B. Lawson (see [30, 27]): Proposition 2. If c is a regular curve in S^2, then h^{−1}(c) is a flat surface in S^3. Proof. First, we observe that from the expression above of h^{−1}(p) for p ∈ S^2, it is a direct computation that h^{−1}(c) ⊆ S^3 is the product of two circles contained in perpendicular planes when c is a circle. Hence, up to an isometry, h^{−1}(c) is S^1(r) ×

S^1( √ 1 − r^2) with 0 < r < 1. That is, h^{−1}(c) is a flat surface. These tori are usually called Clifford tori.

On the other hand, let c be a regular curve in S^2. For any q ∈ h^{−1}(c) we can consider a circle ~c ⊆ S^2 with a contact of order two at h(q) with the curve c. Then, h^{−1}(c) and h^{−1}(~c) have a contact of order two at q. Thus, since the Clifford torus h^{−1}(~c) is flat and the Gauss curvature only depends on derivatives up to order two from the Gauss equation, we have that q is a flat point in h^{−1}(c). �

As the fibers of the Hopf fibration are geodesics of S^3, it turns out that h^{−1}(c) has, in general, the topology of a cylinder. This is the reason why these surfaces h^{−1}(c) are called Hopf cylinders.

Moreover, if the chosen regular curve c in S^2 is closed, the resulting Hopf cylinder h^{−1}(c) is compact and has the topology of a torus. Thus, it is named a Hopf torus. Moreover, if c is embedded, the resulting Hopf cylinder (or torus) is embedded. This provides a large family of flat tori and complete flat cylinders in S^3, some of which are actually embedded. Moreover, they can be explicitly calculated once we know the curve c in S^2.

6.4 The Bianchi-Spivak construction of flat surfaces in S^3

Let us start with a flat immersion ψ : Σ −→ S^3 and unit normal N. From Theorem 7, there exist coordinates (u_1, u_2) such that

I = du^2_1 + 2 cos(ω_1(u_1) + ω_2(u_2))du_1du_2 + du^2, II = 2 sin(ω_1(u_1) + ω_2(u_2))du_1du_2,

(24)

where we have used that the angle function ω(u_1, u_2) = ω_1(u_1) + ω_2(u_2) from the Gauss equation ω_{u1u2} = 0. We shall allow (u_1, u_2) vary in a rectangle containing the origin.

Let us denote e_i =^∂_{∂ui} and n_i = N ∧ e_i then � � � � �

∇_{ei} e_i = k_i n_i ∇_{ei} n_i = −k_i e_i + τ_i N ∇_{ei} N = −τ_i n_i

where we proved in Theorem 8 that τ_1 = 1 and τ_2 = −1.

It is important to observe at this point that τ_i is the torsion of the corresponding asymptotic curve when the curvature of the curve does not vanish, but in any case the functions k_i and τ_i are well defined though the curvature of the curve vanishes at some points.

Now, we compute k_i(u_i). Thus, if we write ∇_{e1} e_1 = a e_1 + b e_2 for suitable functions a, b then

k_1 = ⟨∇_{e1} e_1, n_1⟩ = b⟨e_2, N ∧ e_1⟩ = b sin ω.

And b can be calculated by considering the inner product with e_i in the equality ∇_{e1} e_1 = a e_1 + b e_2 a + b cos ω = ⟨∇_{e1} e_1, e_1⟩ = 0, a cos ω + b = ⟨∇_{e1} e_1, e_2⟩ = e_1⟨e_1, e_2⟩ = −ω^′_1 sin ω.

Hence k_1(u_1) = b sin ω = −ω^′_1(u_1). Analogously, k_2(u_2) = ω^′_2(u_2). Therefore, the asymptotic curves α(u_1) = ψ(u_1, u_2) have curvature and torsion which do not depend on u_2, and the same is true for the asymptotic curves β(u_2) = ψ(u_1, u_2). With all of this we have proved:

Proposition 3. All the asymptotic curves u_1 → ψ(u_1, u_2) are congruent each other. Analogously, the asymptotic curves u_2 → ψ(u_1, u_2) are also congruent each other.

And as an easy consequence from the above results we have a representation result mainly due to Bianchi [4] and Spivak [30].

Theorem 9. The flat immersion ψ(u_1, u_2) can be recovered in terms of the asymptotic curves ψ(u_1, 0) and ψ(0, u_2) as

ψ(u_1, u_2) = ψ(u_1, 0) · ψ(0, 0)^{−1} · ψ(0, u_2). (25)

Proof. Let us consider φ(u_1, u_2) = ψ(u_1, 0) · ψ(0, 0)^{−1} · ψ(0, u_2).

A direct computation gives that the induced metric and second fundamental form of φ(u_1, u_2) agree with (24). In addition, the initial conditions for φ and ψ are the same at the origin, hence from Bonnet theorem φ(u_1, u_2) = ψ(u_1, u_2) agree as we wanted to show. �

In order to obtain a converse for this theorem we need to observe some facts. The asymptotic curves of a flat surface have torsion ±1 at the points with curvature of the curves different from 0. Thus, one can think that a flat surface can be described as the product of two curves: one with torsion 1 and the other with torsion −1 using the description of Theorem 9. This is essentially true, but the asymptotic curves could have points with curvature 0.

In order to simplify computations, we can assume ψ(0, 0) = 1 up to an isometry

in S^3. Let us take α(u_1) = ψ(u_1, 0) and β(u_2) = ψ(0, u_2) then from (25) it is easy

to see that the normal of the immersion is given by

N(u_1, u_2) = α(u_1) · ζ_0 · β(u_2),

where ζ_0 = N(0, 0) ∈ S^2 because 0 = ⟨ψ(0, 0), N(0, 0)⟩ = ⟨1, ζ_0⟩.

Moreover, 0 = ⟨ψ_{u1} , N⟩ = ⟨α^′β, αζ_0β⟩ = ⟨α^′, αζ_0⟩, 0 = ⟨ψ_{u2} , N⟩ = ⟨αβ^′, αζ_0β⟩ = ⟨β^′, ζ_0β⟩.

(26)

Each equality in (26) only depends on one asymptotic curve and, in fact, it was observed by Kitagawa [18] that these conditions characterize to the curves in S^3 with torsion ±1 at the points with non vanishing curvature. More concretely,

Proposition 4. Let ζ_0 ∈ S^2 ⊆ S^3 and let γ(t) be a curve in S^3 parametrized by the arc length such that

1. ⟨γ^′, γζ_0⟩ = 0 then γ(t) has torsion 1 at the points with curvature different from 0. 2. ⟨γ^′, ζ_0γ⟩ = 0 then γ(t) has torsion −1 at the points with curvature different from 0.

Proof. Let us assume ⟨γ^′, γζ_0⟩ = 0. By differentiating we have:

0 = ⟨∇_γ′ γ^′, γζ_0⟩ + ⟨γ^′, γ^′ζ_0⟩ = ⟨∇_γ′ γ^′, γζ_0⟩,

where we have used that ⟨γ^′, γ^′ζ_0⟩ = 0 because ζ_0 ∈ S^2. Due to the same reason ⟨γ, γζ_0⟩ = 0.

Hence, γζ_0 is orthogonal to γ, γ^′ and ∇_γ′ γ^′. Thus, if ∇_γ′ γ^′ ≠ 0, or equivalently, the curvature of γ does not vanish, then γζ_0 is the binormal of the curve. Therefore, the normal of γ is −γ^′ζ_0 and so the torsion is τ = −⟨∇_γ′ γζ_0, −γ^′ζ_0⟩ = ⟨γ^′ζ_0, γ^′ζ_0⟩ = 1.

The second case is similar to the previous one. �

Let γ be a curve satisfying ⟨γ^′, γζ_0⟩ = 0 then the curve γ satisfies Condition 2 in Proposition 4. To see that, 0 = ⟨γ^′, γζ_0⟩ = ⟨γ^′, γζ_0⟩ = ⟨γ^′, ζ_0γ⟩ = −⟨γ^′, ζ_0γ⟩.

Here, we have used ζ_0 = −ζ_0 because ζ_0 ∈ S^2.

Now, we are ready to enunciate the converse to Theorem 9.

Theorem 10. Let ζ_0 ∈ S^2 ⊆ S^3. Consider two regular curves α(u_1) and β(u_2) parametrized by the arc length satisfying ⟨α^′, αζ_0⟩ = 0, ⟨β^′, βζ_0⟩ = 0, with α(0) = 1 = β(0) and α(u_1) α^′(u_1) ≠ ± β(u_2) β^′(u_2) for all u_1, u_2. (27) Then ψ(u_1, u_2) = α(u_1)β(u_2) is a flat immersion with unit normal N(u_1, u_2) = α(u_1) ζ_0 β(u_2).

The proof of this theorem is a direct computation, bearing in mind that Equation 27 is equivalent to ψ_{u1} ≠ ±ψ_{u2} . That is, ψ is an immersion if and only if (27) happens.

6.5 The Kitagawa representation

Kitagawa was able to give a geometric construction that allows the construction of curves with torsion ±1 without solving the corresponding differential equation. To explain it, let us consider the unit tangent bundle US^2 of S^2, that can be seen as

US^2 = {(x, y) ∈ S^2 × S^2 : ⟨x, y⟩ = 0}.

Then, given ξ_0 ∈ S^3 orthogonal to both 1 and i, we can define the map π : S^3 −→

US^2 given by

π(x) = (Ad(x)i, Ad(x)ξ_0) .

This map is a double cover with π(x) = π(−x) for every x ∈ S^3.

With this, the key observation by Kitagawa was the following one: let c denote a regular curve in S^2 with tangent indicatrix c^∗ = c^′/‖c^′‖, and define ĉ := (c, c^∗), with values in US^2. Thus, there is a regular curve a in S^3 (unique up to an initial condition) such that π(a) = ĉ. In particular, h(a) = c. Then it is not difficult to show that c^′ is collinear with Ad(a)ξ_0, and consequently we get

⟨a^′, a ξ_0⟩ = 0. (28)

But this means, as we saw above, that the curve a in S^3 has torsion 1 at points with non-vanishing curvature. And conversely, any regular curve a in S^3 verifying (28) can be constructed by the above process.

This construction also tells that a(u) must necessarily be an asymptotic curve of the Hopf cylinder h^{−1}(c), belonging to the non-trivial asymptotic family, that is, the one which is not made up by the fibers (great circles) of the Hopf fibration.

Given a curve c in S^2, Kitagawa called the asymptotic lift of c any of these nontrivial asymptotic curves of h^{−1}(c). This concept is well defined just taking into account that two such asymptotic curves only differ by a left or right translation in S^3, due to the Bianchi-Spivak results.

Using the above results, Kitagawa [18] was able to give a general method to construct flat surfaces in S^3. Let us expose in detail this method following [14]:

Theorem 11 (Kitagawa’s representation). Let c_1(u), c_2(v) be two regular curves in

S^2, with c_i(0) = i, c^′_i(0) = ξ_0, for some ξ_0 ∈ S^3 orthogonal to both 1, i, and that

verify the condition k_1(u) ≠ k_2(v) for all u, v,

where here k_1, k_2 are the geodesic curvatures of c_1(u) and c_2(v), respectively. Let

π : S^3 −→ US^2 be the double cover given by

π(x) = (Ad(x)i, Ad(x)ξ_0) .

Let us consider a_1(u), a_2(v) two curves in S^3 parametrized by arclength and satisfying π(a_i) = (c_i, c^′_i/‖c^′_i‖), and define Φ(u, v) = a_1(u) ā_2(v) N(u, v) = a_1(u) ξ_0 ā_2(v).

on a rectangle R in the u, v-plane. If Σ is a simply connected surface and Ψ : Σ −→ Ψ(Σ) = R is an immersion, then f = Φ ∘ Ψ is a flat surface in S^3 with unit normal N ∘Ψ. In that case Ψ is a coordinate Tschebyscheff immersion, and the angle function of this flat surface is

ω(u, v) = cot^{−1}(k_1(u)) − cot^{−1}(k_2(v)).

Conversely, every analytic flat surface in S^3 is constructed in this way for some ξ_0.

There are several remarks that should be made regarding this result. First of all, the hypothesis of analyticity for the converse is essential, as there are examples of flat surfaces in S^3 with three mutually non-congruent asymptotic curves [14]. Nevertheless, the converse always works locally, and also for complete flat surfaces with bounded mean curvature. Moreover, in these cases the map Ψ can be assumed to be injective, and thus (u, v) constitute globally defined T -parameters.

6.6 Fundamental global results

M. Spivak raised in [30] several questions regarding the geometry of flat surfaces and flat tori in S^3. It is no surprise that the attempts of answering these questions have produced the basis for the global development of the theory.

The classification of flat tori: this is a problem posed by S.T. Yau [34], that was solved by Kitagawa [18] and Weiner [32] from two different perspectives. In [18] Kitagawa used its representation theorem to prove that the asymptotic curves of a flat torus in S^3 are periodic, thus answering a question by Spivak. This result showed that any flat tori is generated by the construction process exposed above if the two regular curves c_1, c_2 in S^2 are closed.

An alternative classification was given by Weiner. It can be shown that the generalized Gauss map G : Σ −→ G_{2,4} ≡ S^2×S^2 into the Grassmannian of oriented 2-planes

in R^4 of a flat torus in S^3 is the product of two closed curves γ_1 × γ_2 ⊂ S^2 × S^2. In

[32] Weiner gave a necessary and sufficient condition for the curves γ_i that describes exactly when γ_1 × γ_2 is the Gauss map of a flat torus in S^3.

Embedded flat tori in S^3: It is known that a Hopf torus h^{−1}(c) is embedded if and only if its generating curve c in S^2 is embedded. The embeddedness condition for a general flat torus in S^3 was considered in [20] and [9]. More specifically, in [9] it was obtained a structure theorem for embedded flat tori in S^3, in terms of a certain topological condition on the curves c_i in S^2 of the Kitagawa representation theorem. It was also proved in [20, 9] that embedded flat tori in S^3 have antipodal symmetry.

Non-orientable flat surfaces in S^3: In [30] Spivak posed the problem of studying the non-orientable flat surfaces in S^3. In response to this problem, Kitagawa showed in [18] that any complete flat surface in S^3 is orientable. Nevertheless, the existence of non-orientable (non-complete) flat surfaces in S^3 was still unclear. In [14] it was shown that any real analytic flat surface in S^3 is orientable, which contrasts with the

R^3 situation. Moreover, this condition cannot be weakened to smoothness, as there

are examples of flat Möbius strips in S^3, constructed in [14].

6.7 Open problems

One of the features of the theory of flat surfaces in S^3 is the existence of very basic questions that have not been answered up to now, and whose solution is likely to be quite complicated. This is one of the main points that make the theory interesting. We shall expose in this last part of the section just the most relevant ones.

Existence of an isometric embedding from R^2 into S^3: this is surely the biggest open problem in the theory. A complete flat surface has the topology of a plane, a cylinder, a torus, a Möbius strip or a Klein bottle. Of these, the two non-orientable cases are impossible if the flat surface is isometrically immersed in S^3, as we saw before. Moreover, it is known that there exist both embedded flat tori (like the Clifford tori) and complete embedded flat cylinders in S^3 [9]. However, the existence of a complete embedded simply connected flat surface in S^3 is unknown. This problem was first posed by Spivak [30] using a slightly different formulation. In [9] it was conjectured that the problem has a negative answer, i.e. the Euclidean plane R^2 cannot be isometrically embedded into S^3.

Rigidity of Clifford tori: The rigidity problem is a fundamental topic in submanifold theory. It asks whether two different isometric immersions of a Riemannian manifold M^n into another Riemannian manifold N^{n+p} must necessarily differ just by an isometry of the ambient space N^{n+p}. If this is the case, it is said that M^n is rigid in N^{n+p}. As the simplest flat surfaces in S^3 are the Clifford tori S^1(r) × S^1( √ 1 − r^2), it is quite natural to ask if these tori are rigid in S^3.

This problem has been an attractive one among specialists, and some natural conditions under which Clifford tori are rigid have been achieved (see for instance [7, 19, 20, 21]). Nevertheless, the original rigidity question remains unanswered.

The space of isometric immersions of a flat torus: as we exposed above, the flat tori in S^3 have been classified in [18] in terms of two curves in S^2 satisfying some compatibility conditions, and in [32] in terms of their Gauss maps. However, the following natural classification problem has not been settled: given an abstract flat torus T, which is the space of isometric immersions of T into S^3?

Flat surfaces with singularities: In recent years there has been an increasing interest on surfaces with a certain type of admissible singularities, called fronts. It seems an interesting question to investigate how flat fronts in S^3 behave. The first step into this direction was given in [14], where it was shown that flat fronts in S^3 are an important tool in the problem of classifying (regular) isometric immersions of R^2 into R^4.

7 Surfaces with negative constant Gauss curvature.

Let Σ be a surface endowed with a complete Riemannian metric I of negative constant Gauss curvature K(I) = k < 0. Thus, if Σ is simply-connected then Σ is isometric to the hyperbolic plane H^2(k) with the same constant curvature k, from the Cartan- Hadamard theorem.

From Gauss equation, a surface with negative constant Gauss curvature must also have negative constant extrinsic curvature in R^3 and S^3. Moreover, if the Gauss curvature K(I) < −1 in H^3 then the extrinsic curvature is also negative.

The following theorem asserts that there exist no complete immersion with negative constant Gauss curvature and negative extrinsic curvature in H^3, R^3 or S^3. Theorem 12 (Hilbert). Let Σ be a complete surface with negative constant Gauss curvature K(I). Then, there exists no isometric immersion f : Σ −→ M^3(c) (with K(I) < −1 for c = −1).

Proof. By using Theorem 7, there exist global parameter (u, v) defined in R^2 such that I = du^2 + 2 cos ω dudv + dv^2, II = 2 √ −K sin ω dudv,

(29)

and 0 < ω < π.

Now, the Gauss equation gives

ω_{uv} = −(K + c) sin ω, (30)

with c_0 = −(K + c) > 0.

Therefore, the theorem will be proved if we show that there is no solution in R^2 to the equation ω_{uv} = c_0 sin ω, with 0 < ω(u, v) < π.

Since (ω_u(u, v))_v is positive, one has that the function ω_u(u, v) is increasing for v. Thus, ω_u(u, v) > ω_u(u, 0) for any v > 0. Now, by integrating the previous inequality

ω(b, v) − ω(a, v) =

�_b a ω_u(u, v) du >

�_b a ω_u(u, 0) du = ω(b, 0) − ω(a, 0) (31)

with a < b and 0 < v.

Since ω_u can not vanish identically, up to a translation, we can assume that ω_u(0, 0) ≠ 0. Moreover, ω(−u, −v) also satisfies the same PDE (30). So, we can assume ω_u(0, 0) > 0, replacing ω(u, v) by ω(−u, −v) if necessary.

Now, let us consider three real numbers u_1, u_2, u_3 such that 0 < u_1 < u_2 < u_3 and ω_u(u, 0) > 0 for all u ∈ [0, u_3]. And let us define

ε = min {ω(u_3, 0) − ω(u_2, 0), ω(u_1, 0) − ω(0, 0)} > 0.

By using (31), we have ω(u_1, v) − ω(0, v) > ε and ω(u_3, v) − ω(u_2, v) > ε for all v > 0. Hence,

ε < ω(u, v) < π − ε if u ∈ [u_1, u_2], v ≥ 0,

because 0 < ω(u, v) < π.

Thus, by integrating in the rectangle [u_1, u_2] × [0, v] we have

ω(u_2, v) − ω(u_1, v) − ω(u_2, 0) + ω(u_1, 0) =

�_v 0 �_{u2}

u_1

ω_{uv} dudv =

= c_0

�_v 0 �_{u2}

u_1

sin ω dudv > c_0

�_v 0 �_{u2}

u_1

sin ε dudv = c_0(u_2 − u_1)v sin ε.

So, ω(u_2, v) − ω(u_1, v) > ω(u_2, 0) − ω(u_1, 0) + c_0(u_2 − u_1)v sin ε. Therefore, ω(u_2, v)−ω(u_1, v) goes to infinity when v → ∞, which contradicts 0 < ω(u, v) < π. �

The Hilbert theorem asserts that H^2 can not be isometrically immersed in R^2. It is classically known that H^n can be isometrically immersed in R^{2n} but it can not be isometrically immersed in R^{2n−2}. It is an important old problem if H^n can be isometrically immersed in R^{2n−1}, that is, if the Hilbert theorem can be generalized for n > 2.

In order to finish the study of complete surfaces in M^3(c) with negative constant Gauss curvature, we need to consider the case K(I) ∈ [−1, 0[ for surfaces in the hyperbolic 3-space.

Let us consider the model of H^3 given by (6). Then the map Ψ given by

H^3 −→ B(0, 1) ⊆ R^3

(x_0, x_1, x_2, x_3) −→^1_{1+x0} (x_1, x_2, x_3)

is totally geodesic, where B(0, 1) denotes the open unit ball of R^3. That is, the image of a geodesic in H^3 is a segment in B(0, 1) ⊆ R^3.

Thus, if Σ is a surface in H^3 with constant Gauss curvature −1 then Ψ(Σ) ⊂ R^3 is a Euclidean flat surface. Therefore, its study can be developed from the local study of flat surfaces in R^3. It should be mentioned that there is a large family of complete surfaces in H^3 with K(I) = −1 with the topology of a compact surface minus a disk (see [30]).

The case of complete surfaces in H^3 with constant Gauss curvature K(I) ∈ (−1, 0) has been amply studied. It was proved by Rosenberg and Spruck [29] that given a smooth curve Γ in the ideal boundary of H^3 and a constant k ∈ (−1, 0), there exists a embedded complete surface Σ with Gauss curvature K(I) = k whose boundary at infinity is Γ. Other outstanding results about complete surfaces solving a Plateau problem at infinity were also given by Labourie [22].

References

[1] Abresch, U.,; Rosenberg, H., A Hopf differential for constant mean curvature surfaces in S^2 × R and H^2 × R, Acta Math. 193 (2004), 141–174.

[2] Abresch, U.; Rosenberg, H., Generalized Hopf differentials, Mat. Contemp. 28 (2005), 1–28.

[3] Aledo, J. A.; Espinar, J. M.; Gálvez, J. A., Complete surfaces of constant curvature in H^2 ×R and S^2 ×R, Calc. Var. Partial Differential Equations 29 (2007), 347–363.

[4] Bianchi, L., Sulle superficie a curvatura nulla in geometria ellittica, Ann. Mat.

Pura Appl., 24 (1896), 93–129.

[5] Bianchi, L., Lezioni di Geometria Differenziale, third edition, N. Zanichelli Editore, Bologna, 1927.

[6] Corro, A.; Martínez, A.; Milán, F., Complete Flat Surfaces with two Isolated Singularities in Hyperbolic 3-space. Preprint.

[7] Enomoto, K.; Kitagawa, Y.; Weiner, J., A rigidity theorem for the Clifford tori in

S^3, Proc. Amer. Math. Soc., 124 (1996), 265–268.

[8] Espinar, J. M.; Gálvez, J. A.; Rosenberg, H., Complete surfaces with positive extrinsic curvature in product spaces, Comment. Math. Helv. 84 (2009), 351– 386.

[9] Dadok, J.; Sha, J., On embedded flat surfaces in S^3, J. Geom. Anal. 7 (1997), 47–55.

[10] Daniel, B.; Mira, P., Existence and uniqueness of constant mean curvature spheres in Sol_3, preprint.

[11] Gálvez, J. A.; Martínez, A., Estimates in surfaces with positive constant Gauss Curvature, P. Am. Math. Soc., 128 (2000), 3655-3660.

[12] Gálvez, J. A.; Martínez, A.; Milán, F., Flat surfaces in the hyperbolic 3-space, Math. Ann., 316 (2000), 419–435.

[13] Gálvez, J. A.; Mira, P., Embedded isolated singularities of flat surfaces in hyperbolic 3-space, Cal. Var. Partial Diff. Equations 24 (2005), 239–260.

[14] Gálvez, J. A.; Mira, P., Isometric immersions of R^2 into R^4 and perturbation of Hopf tori, Math. Z. 266 (2010), 207–227.

[15] Guan, B.; Spruck, J., The existence of hypersurfaces of constant Gauss curvature with prescribed boundary, J. Differential Geom. 62 (2002), 259–287.

[16] Hartman, P.; Nirenberg, L., On spherical images whose jacobians do not change signs, Amer. J. Math. 81 (1959), 901-920.

[17] Hopf, H., Differential Geometry in the large, Springer Verlag, Lecture Notes 1000, Berlín, 1983.

[18] Kitagawa, Y., Periodicity of the asymptotic curves on flat tori in S^3, J. Math.

Soc. Japan, 40 (1988), 457–476.

[19] Kitagawa, Y., Ridigity of the Clifford tori in S^3, Math. Z., 198 (1988), 591–599.

[20] Kitagawa, Y., Embedded flat tori in the unit 3-sphere, J. Math. Soc. Japan, 47 (1995), 275–296.

[21] Kitagawa, Y., Deformable flat tori in S^3 with constant mean curvature, Osaka J. Math. 40 (2003), 103–119.

[22] Labourie, F., Un lemme de Morse pour les surfaces convexes, Invent. Math. 141 (2000), 239–297.

[23] Klotz, T., Some uses of the second conformal structure on strictly convex surfaces, Proc. Am. Math. Soc. 14 (1963), 793-799.

[24] Kokubu, M.; Rossman, W.; Saji, K.; Umehara, M.; Yamada, K., Singularities of flat fronts in hyperbolic 3-space, Pacific J. Math. 221 (2005), 303–351.

[25] Kokubu, M.; Rossman, W.; Umehara, M.; Yamada, K., Flat fronts in hyperbolic 3-space and their caustics, J. Math. Soc. Japan 59 (2007), 265–299.

[26] Kokubu, M.; Umehara, M.; Yamada, K., Flat fronts in hyperbolic 3-space, Pacific J. Math., 216 (2004), 149–175.

[27] Pinkall, U., Hopf tori in S^3, Invent. Math., 81 (1985), 379–386. [28] Roitman, P., Flat surfaces in hyperbolic space as normal surfaces to a congruence of geodesics, Tohoku Math. J. 59 (2007), 21–37.

[29] Rosenberg, H.; Spruck, J.; On the existence of convex hypersurfaces of constant Gauss curvature in hyperbolic space, J. Differential Geom. 40 (1994), 379–409.

[30] Spivak, M. A comprehensive introduction to differential geometry, Vol. IV. Publish or Perish, Inc., Boston, Mass., 1975.

[31] Volkov, J. A.; Vladimirova, S. M., Isometric immersions of the Euclidean plane in Lobačevskiǐ space, Math. Notes 10 (1971), 655–661.

[32] Weiner, J. L., Flat tori in S^3 and their Gauss maps, Proc. London Math. Soc., 62 (1991), 54–76.

[33] Weiner, J. L., Rigidity of Clifford tori, Geometry and topology of submanifolds, VII, World Sci. Publishing, River Edge, NJ, (1995), 274–277.

[34] Yau, S. T., Submanifolds with constant mean curvature H, Am. J. Math. 97 (1975), 76–100.

Universidad de Granada Facultad de Ciencias Departamento de Geometria y Topologia 18071, Granada, Spain E-mail: jagalvez@ugr.es