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Let '+ b: A be a type judgement in some type system S

m7=([A)isatypingof binS(S» b:7).

m 7 is a principal typing (PT) of bif S» b:7 and 7
represents any other possible typing of b.

m PT property allows compositional type inference
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Principal Typing: 7+ b :?

Example
Question: 7 F A\.(y x) :?
Answer: (y:A—B,A—B)
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Principal Typing vs. Principal Type

Principal Typing: 7+ b :7

Example

Question: 7 F A\.(y x) :?
Answer: (y:A—B,A—B)
Question: ? = A\.(y (v x)) :?
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Question: 7 F A\.(y x) :?
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Principal Type | Principal Typing
STLC v [Hi97] v’ [Wells02]
Hindley/Milner v [DM82] X [Wells02]
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Principal Typing

Definition
For some typing 7 in S let Termss(7)={a|S » a:7}.

Definition (Typing's Partial Order)
Let 7 <s 7 iff Termss(7) C Termss(7')
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Principal Typing

Definition (Wells" PT[Wells02])

A typing 7 in system S is principal for some term a iff S » a:7 and
S» a7’ implies 7 <5 7.
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Principal Typing

Definition (Wells" PT[Wells02])

A typing 7 in system S is principal for some term a iff S » a:7 and
S» a7’ implies 7 <5 7.

Example
For 1 = (y:A—B,A—B) and 7, = (y:A—A, A—A) we have
Terms(11) C Terms(7)
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Principal Typing for STLC

Definition (Hindley's PT [Wells02])

Let 7 = (I, B), where TA) » a: 7. 7 is principal typing of a iff for
any typing 7/ = (I, B") where TA » a: 7/, then exists some type
substitution s such that s(I') C " and s(B) = B'.
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Principal Typing for STLC

Definition (Hindley's PT [Wells02])

Let 7 = (I, B), where TA) » a: 7. 7 is principal typing of a iff for
any typing 7/ = (I, B") where TA » a: 7/, then exists some type
substitution s such that s(I') C " and s(B) = B'.

Theorem ([Wells02])
A typing T is principal according to Wells' PT iff T is principal
according to Hindley's PT.
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Definition (Simple Types and Contexts)
Types A:=K|A— A Contexts [ == nil |A.T

- |[|: T length.

- Forl =A1.A. - An:
F<p=A1.-- A
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Simple Type System

Definition (Simple Types and Contexts)
Types A:=K|A— A Contexts [ == nil |A.T

- |[|: T length.

- Forl =A1.A. - An:
F<p=A1.-- A
>h=An - Anp

- I<p and T, defined similar
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The System TA\4B

Syntax
Terms a:x=n|(aa)|\a
Typing Rules
N-n:B
A1 :A (V. — (V:
1:A(var) ATrni1:B (™
Al+b:B lN-a:A—B TFb:A
(L A
FFab A B (Lambda) F-(ab):B (App)
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PT in TA)\dB

Lemma (Weakening)
IfT'-a: B, thenT.At a: B for any type A.

Definition (PT in TA\4g)

Let 7 = (I, B), where TA)gg » a: 7. 7 is principal typing of a iff
for any typing 7/ = (I, B') where TA g5 » a: 7/, then exists
some type substitution s such that s(I') = F’<|r| and s(B) = B'.
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PT for TA)\dB

Theorem (Correspondence for TAy4z)

A typing T is PT of b in TAxgg iff T is principal of b according to
Wells’ PT
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PT for TA)\dB

Theorem (Correspondence for TAy4z)

A typing T is PT of b in TAxgg iff T is principal of b according to
Wells’ PT

Theorem (PT for TAygg)
TAxgg satisfies PT property
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Type Inference for TAygs [AyMu2000]

1st Given term a, let a’ be its annoted version
Ex: fora=X(2 1), a=(\(2 E\ll )A3)A4
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1st Given term a, let a’ be its annoted version
Ex: fora=X(2 1), a=(\(2 E\ll )A3)A4

2nd Let Ry be the set of subterms of a’. Start using the type
inference algorithm on (Ry, &)

3rd When (@, E) is reached, E is the set of equations on type and
context variables
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Type Inference for TAygs [AyMu2000]

1st

2nd

3rd

4th

Given term a, let a’ be its annoted version
Ex: fora=X(2 1), a=(\(2 E\ll )A3)A4

Let Ry be the set of subterms of a’. Start using the type
inference algorithm on (Ry, &)

When (@, E) is reached, E is the set of equations on type and
context variables

Use a first order unification algorithm to give you the m.g.u.
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Type Inference for TA\4B

HERIOT
BEWATT
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(Var) (RU{14 1} E) —

(RLEU{T =AT"})
(Varn) <RU{Q; HLE)—

(RIEU{T =AL.--- A,_LAT'})
(Lambda) (RU{(X.a}})}2 }, E) —

(RLEU{A; = A* — Ay, Ty = A*TL})
(App)  (RU{(a b2)R ). E) —

(RIEU{T1 =T, =T3,A = Ay — As})

Obs: A’, A* and I’ are fresh variables

Universidade de Brasilia

15/24



Useful Background

LQI_giCsz Principal Typing for AdB Principal Typing for TA,, %&i%%
Hewiting, v Principal Typing for ES oy

Automation Conclusion and Further Work

The System TA), [KR97]

Syntax .
Terms axu=n|(aa)|Xalac’a|y a
Typing Rules
F<k.r>k+,-Fa:A . F>,-Fb: B F<,-.B.I’>,-Fa:A .
Sk ki Phi) = el s
Fgaa ) FFaoib:A (Sigma)
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Definition (PT in TA)s,)

Let 7 = (I, B), where TA)s, » a: 7. 7 is principal typing of a iff
for any typing 7/ = (I, B") where TA s, » a: 7/, then exists some
type substitution s such that s(I') = F’<m and s(B) = B'.

Theorem (Correspondence for TA)s,)
A typing T is PT of b in TAys, iff T is principal of b according to
Wells’ PT definition
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PT for TA)s,

Theorem (PT for TA)s,)
TA\s, satisfies PT property

Principal Typing for TA,,

HERIOT
g WATT

UNIVERSITY

(Sigma) (RU {(ar1 o brz) ‘HE) —
(R, E U {A1=As, T1=A]. -+ Al Ap T, T=As - AL T2},
(Phi) (RU{(pkan)}. E) —
(RIEU{A = Ag,To= Al Apyi 1T T1= Ao AT,
==

Universidade de Brasilia

18/24



Useful Background
Logics, Principal Typing for A\dB HERIOT

]
T)lliiivs;iting, and ther Principal Typing for ES Principal Typing for TA) ’%_;fl AE:E;‘I;
Automation Conclusion and Further Work

The System TA,,[ACCL91]

Syntax
Termsa::=1|(a a)|A.a|a[s] Substitutions::=id| | |a.s|sos
Typing rules
Terms Al+b:B
Al l CA (Var) m (/ambda)
r~-a:A—B I'}—b:A(a ) FrEs>r’ r'l—a:A(CIOS)
F-(ab):B PP FFafs]: A
Substitutions
[eid>T (id) AT -1 T (shift)
Fa:A FrEsp I’ (cons) FrEs"or” Mes'sr’ (comp)
FFasc Al FFsos oI P
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PT in TA,,

Lemma (Weakening)

IfTFa: B, thenT.At a: B for any type A. Particularly, if
N-s>T' thenT. AF s> T".A.

Universidade de Brasilia

20/24



Useful Background
Lgrgics, Principal Typing for AdB %&i%%
)ll?gf;iting, i Principal Typing for ES Principal Typing for TA) WA i
Automation Conclusion and Further Work

PT in TA,,

Lemma (Weakening)

IfTFa: B, thenT.At a: B for any type A. Particularly, if
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Definition (PT in TA),)
Let 7 = (I, T), where TAy, » a: 7.
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PT in TA,,

Lemma (Weakening)

IfTFa: B, thenT.At a: B for any type A. Particularly, if
N-s>T' thenT. AF s> T".A.

Definition (PT in TA),)

Let 7 = (I, T), where TA), » a: 7.7 is principal typing of a iff for
any typing 7/ = (I, T) where TA), » a: 7/, then exists some
type substitution s such that s(I') = r/S\F\ and: if T is a type then
s(T) = T’ otherwise s(T) = /SITI'
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PT for TA,,

Theorem (Correspondence for TA,,)

A typing T is PT of b in TAy, iff T is principal of b according to
Wells’ PT definition

Theorem (PT for TA),)

TA)o satisties PT property
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Type Inference for TA), [Bo95|

RU{1%},E) —
Lambda) (RU{(N\.a.)2} E) —

( ( (REU{T = AT'})

( ( (RYEU{Ay = A" — A1, T1 = A*.TL})

( (RU{(a)t b)Y E) = (R EU{T1 =T,To =T3,A1 = A — As})
( <RU{(3A1[r ]) HE) = (REU{TL=T5,T2=T4, A1 = As})

(1d) (RU{id{1}, E) —(R,EU{lL =T2})
( ( (
( ( (
( ( (

1

l

RU{1{1}, E) —(R,EU{l = A"T2})
RU {(aA1 5r 2)r HE) = (REU{T1 =Tz, T2=T4,T5=A1T3})

RU{(s* stio r3)r5} E)—(R,EU{l1 =T4,Ta=T6T3="T5})
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Conclusion

m PT is not a trivial property

m A definition of PT for A-calculus in de Bruijn notation was
proposed and proved correct

m The PT property for TAy45 was proved

m A definition of PT for Ase and Ao were proposed and proved
correct
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Conclusion
m PT is not a trivial property

A definition of PT for A-calculus in de Bruijn notation was
proposed and proved correct

The PT property for TAygg was proved

A definition of PT for As. and Ao were proposed and proved
correct

The PT property were proved using a type inference algorithm
for Ase [AyMu2000] and Ao [Bo95].
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Further Work

m Verify if the PT property holds for the corresponding systems
with open terms.
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Further Work

m Verify if the PT property holds for the corresponding systems
with open terms.

m Research Ao and As. with intersection types and study PT for
these new systems
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Further Work

HERIOT
BEWATT
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m Verify if the PT property holds for the corresponding systems
with open terms.

m Research Ao and As. with intersection types and study PT for
these new systems

m Type unification + substitution calls for expansion variables

Universidade de Brasilia
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