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Intersection type discipline

> Introduced by M. Coppo and M.
Dezani-Ciancaglini. [CDC78, CDC80]

> It incorporates type polymorphism in a finitary way:
Ax.Xx 1 (int— int) A (bool — bool)

> IT called after realisability semantics interpretation of types
» Characterisation of the SN terms of the A-calculus. [Pot80]

» Some problems arise such as the necessity for a practical treatment
of principal typings.



Principal typings

Let T = M : 7 be a type judgement in some type system S

» (I'F7) is a typing of M in S, written as M: (I -5 7).

» (I 7) is a principal typing (PT) of M if M:(I' ks 7) and it
“represents’ any other possible typing of M.

» PT property allows compositional type inference



A-calculus with de Bruijn indices

v

Invented by N.G. de Bruijn [dB72].

» Own the same properties as the A-calculus with names.

v

Each a-classe of A\-terms corresponds to a unique term.

v

Plays an important role in the implementation of programming
languages and theorem provers. [Kam03]

v

A variety of IT systems has been studied, usually with variable
names and rarely with de Bruijn indices.



Definition (Set Ayg)

The set of )\ z-terms

Terms M := n|(M M)|AM for n € N,=N~{0}
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Definition (Set Ayg)

The set of )\ z-terms

Terms M := n|(M M)|AM for n € N,=N~{0}

Examples
A(n(142)1)
Al >~ Ax.x >~ Ay.y

Remark: ( and 7 are defined updating indices accordingly.



Definition (Free indices & closed terms)

1. FI(M) is the set of free indices of M, defined by

Fi(n) = {n}
FIAM) = {n=1,¥Yne FI(M),n>1}
FI(My My) = FI(My) U FI(My)

2. M is closed if FI(M) = .
3. sup(M) is the greatest value of a free index in M.



Definition (i-lift)

M+ is defined inductively as
1. (My Mp)+t = (M5 M 3.0t = {
2. (AMy) T =AM 0

n+1, ifn>i
n if n <.

=

The lift Mt of M is its 0-lift.
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(-contraction in A\

Definition (/3-substitution)
The [-substitution {n /N}M is defined inductively by
1. {n/N}(My M>) = ({n/N}My {n/N} M)
2. {n/NIAMy = X{n+1/N*} My
m—1,ifm>n

3.{n/N}m:{ N, iftm=n

m, ifm<n

Definition ((3-contraction in Ag4g)
(-contraction in )\, is defined by

(AM N5 {1/ N} M



Restricted Intersection types in Az

Definition (Restricted intersection types and contexts)
1. The restricted intersection types are defined by:

T:=AlU-T
Ui=w|UNU|T

A is commutative, associative and has w as neutral element.
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Restricted Intersection types in Az

Definition (Restricted intersection types and contexts)
1. The restricted intersection types are defined by:

T:=AlU-T
Ui=w|UNU|T

A is commutative, associative and has w as neutral element.
2. The contexts are sequences of objects in U, defined by:

[oe=nillul, foruel

Our system is a de Bruijn version of a system by Sayag and Mauny
in [SM96a, SM96b]
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Restricted intersection types in Ayg

Definition

1. wl:=ww. - w.nil such that |w?2| = n.

2. The extension of A for contexts:
-nilANT =T Anil=T
- (U1.r) A (UQ.A) = (U1 A Uz).(r A A)

3. Type substitutions s : A — 7 such that:
- s(u—7) =s(u)—s(7)
- s(w) =w and s(u A v) = s(u) As(v)
- s(nil) = nil and s(u.l') = s(u).s(I")

11/26



Restricted intersection types in Ayg

Definition
1. w?:=ww. - .w.nil such that |w?| = n.
2. The extension of A for contexts:

- nil AT =T Anil=T
- (Ul.r) A (UQ.A) = (U1 A U2).(r A A)

3. Type substitutions s : A — 7 such that:
- s(u—7) =s(u)—s(7)
- s(w) =w and s(u A v) = s(u) As(v)
- s(nil) = nil and s(u.l') = s(u).s(I")

Recall: M:(I' - 7) is used instead of T = M : 7
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Definition (Typing Rules)
1. System SM is defined by:

TeT var M (nil - T) L
1:{r.nil - T) AM:(nilkFw—T) '
n:{l'ET1) varn M:{(ul 1) .
n+1:{w.l' - 7) AM:A(TFu—T)y

My (T w—T) My (A F o) .

My Mo:(TAAET) €

My (T ALjoi—T) M22<A1 Foi) ... Mo: (A" F o)
My Ma: (TAAYA - ANAPE T)

e

2. System SM, is obtained from SM, taking =07 — --- = op,—« in
rule var



Type systems properties

Lemma
If M (T Fousm, 7), then [T|=sup(M) and Vi, T'; # w iff i€ FI(M).
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Type systems properties

Lemma
If M (T Fousm, 7), then [T|=sup(M) and Vi, T'; # w iff i€ FI(M).

Lemma (Generation)

LA n: (T Fouysm, 7), then Tp=1.
2. If n:(Tkgy, 7y, thenT =01 — -+ — o —a.
3. XM (nil Foy,5m, T), then
» T=w—o0c and M:(nil Fsy sm, o) or
> T=AL0i—0 and M: (N]_ici.nil Fsusu, o).
4 XM (T Feyow, 7) and [T| > 0, then T=u—o0 s.t.
M:{(u.l Foy su, 0).

5. lf n My My (T by, 7),
Fr=(w™2.0o1— = op—=7nil) ATIA--AT™,
T=0ma— = Omk—a and M;: (T g, o).
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SM, and (3-normal forms

Theorem
Every [3-nf in de Bruijn notation is typeable in system SM,.
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Type inference algorithm for §-nf

Let N be a B-nf

Infer(N) =
Case N=n
let o be a fresh type variable
return (w1 .a.nil, o)
Case N =\N;
let (M, 1) = Infer(N;)
if (M = u.T’) then
return (I, u—p1)
else
return (nil,w— 1)
Case N=nN;---Np
let (M, 1) = Infer(Ni)

(F'™ ¢om) = Infer(Nm)
« be a fresh type variable
return (w21 .01 — -+ — em—a.nil) ATLA - AT™ )
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Type inference algorithm

Theorem (Soundness)
If N is a 3-nf and Infer(N) = (T, ¢), then N: ([ g, ©).

Theorem (Completeness)

IEN:(T oy @), N a g-nf, then for (I, ¢') = Infer(N) exists a type
substitution s such that s(I'") =T and s(¢') = ¢.
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Characterisation of principal typings

Definition
1. Let 7¢, Tnr and Uc be defined by:
Tc == A|Tnr—7c
Tne = AlUc—Tnr
Uc == w|Z/{C/\Uc|TC

2. Let C be the set of contexts [ with types in U¢
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Characterisation of principal typings

Definition
1. Let 7¢, Tnr and Uc be defined by:
Tc == A|Tnr—7c
Tne = AlUc—Tnr
Uc == w|Z/{c/\uC|Tc

2. Let C be the set of contexts [ with types in U¢

Lemma
Im(Infer) C CxTyr
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Characterisation of principal typings

Definition (I'-types)
To=T=p|A= A eCandypeTyrand |A] >0

Let TV be obtained from Infer(N), for any 3-nf N.
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Characterisation of principal typings

Definition (I'-types)
To=T=p|A= A eCandypeTyrand |A] >0
Let TV be obtained from Infer(N), for any 3-nf N.

Definition (Left subtypes)
The set L(T) is defined by:
- L(r;w) = LM UL(»)

- L(N) = O{I'}forl' #+ w.

- L(a) =

- Lw— ) L(o)

- LA yoi— o) ={Al_,0i} U L(0).
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Characterisation of principal typings

Definition
T is complete if:
- T is closed
- T is finally closed
- T is minimally closed.
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Characterisation of principal typings

Definition
T is complete if:
- T is closed
- T is finally closed
- T is minimally closed.

Lemma
If N is a 3-nf then TN is complete.
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Characterisation of principal typings

Definition (Principal)
A complete T is principal if:
- T=wL anil=a
- T=I=ast. = (Wi=tpy — - — Pm—a.nil) N\TIA - AT™
and Vi, "= ¢; is principal.
- T = nil=w— 1 and nil =y is principal.
- T=T=u—p; st eitherT #nilor u#wand ul'=¢; is
principal.
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Characterisation of principal typings

Definition (Principal)
A complete T is principal if:
- T=wL anil=a
- T=I=ast. = (Wi=tpy — - — Pm—a.nil) N\TIA - AT™
and Vi, "= ¢; is principal.
- T = nil=w— 1 and nil =y is principal.
- T=T=u—p; st eitherT #nilor u#wand ul'=¢; is
principal.

Lemma
Let P ={(T, ) € CxTne |T = is principal}. Then

Im(Infer) C P
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Reconstruction algorithm

Recon(l, p) =

Case (nil,a)
fail

Case (I, a)

let {(it,u1),...,(i", um)} = FO(c,T)
fm=1landuy = (1 — - > m—a) AU st. a¢ TypeVar(u')
then if V1<i<n thereis [ s.t. I =T/ A X/
and I = 7; is principal
then let (N;, A') = Recon(I', 1)

(Np, A™) = Recon(I'", 7p)
Al = wil;l.’rl — o — Ty—aenil
MM=AATIA-.- AT
Fr=("AAA---AAMYAA, st. A #wi, VIK|T|
return (i1Ny -+ Np, A)
else fail
else fail
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Reconstruction algorithm(cont.)

Case (M,u—¢1)
if T =niland u =w
then let (N1, A) = Recon(I, ¢1)
else let " = u.l’
(N1, A) = Recon(l, ¢1)
if A = nil
then return (A\.Ng, A)
else fail
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Reconstruction algorithm(cont.)

Case (M,u—¢1)
if T =niland u =w
then let (N1, A) = Recon(I, ¢1)
else let ' = u.T
(N1, A) = Recon(l, ¢1)
if A = nil
then return (A\.Ng, A)
else fail

Lemma
If (T, ) € P then:

1. Recon(l, ) = (N, nil) and N is a 3-nf.
2. Infer(N) = (T, ¢).
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Reconstruction algorithm(cont.)

Case (M,u—¢1)
if T =niland u =w
then let (N1, A) = Recon(I, ¢1)
else let ' = u.T
(N1, A) = Recon(l, ¢1)
if A = nil
then return (A\.Ng, A)
else fail

Lemma
If (T, ) € P then:

1. Recon(l, ) = (N, nil) and N is a 3-nf.
2. Infer(N) = (T, ¢).

Corollary
P = Im(Infer)
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Subject reduction failure

We have that

1:{a.nil F &) 1:(B.nil = )
A1l:{nilFa—a) 2:{w.B.nil - 3)
AN L (nilFw—a—a) 3 {w.w.B.nil = 3)
AANL 3 (ww.p.nil Fa—a)

and that A.A.1 3>g A1
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Conclusion, current and future works

> IT presented types all 5-nf for Ays
» The inference algorithm returns principal typings for all G-nf

» Characterisation for those principal typing was given
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Conclusion, current and future works

v

IT presented types all 8-nf for Ays

v

The inference algorithm returns principal typings for all 3-nf

v

Characterisation for those principal typing was given

v

System SM, is a first step torwards IT systems with PT for Ayg

Extend the results for all SN terms.

v
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Completeness proof step

Let A.N:(nil - )

» Case ¢ = w— 1 and N:(nil - ¢1):
By IH, Infer(N) = (I",¢') s.t. s(¢’) = ¢1 and s([") = nil.
Therefore, ' = nil, Infer(A.N) = (nil,w—¢’) and s(w—¢') = .

» Case ¢ = A]_j0;—p1 and N: (A7 0;.nil F ¢1): analogous
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