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The A-calculus

Proposed by Church in 1932. [Church32]

Terms M = x| (M M)| .M

Computations (reductions) are made by a unique rule:

.M N) — M{x:=N} ()

Some renaming may be necessary:

MM — A M{x =y} (a)

Foundation for the Lisp and functional programming languages in
general.



The A-calculus with de Bruijn indices (Ayg)

Invented by N.G. de Bruijn[dB72].

Terms M= n| (M M)|X.M for n € N,=N~{0}

Examples
A(A(142)1)
ALl >~ Ax.x >~ Ay.y

Definition (/3-contraction)

(AM N> {1 /N}M
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Typing Systems

Simply typed A-calculus proposed by Church.[Church40]

Classify objects (terms) in the formal system.

Aine X 1 int—=sint  A..por.x : bool— bool (& la Church)

Ax.X 1 int—int  \..x : bool = bool (a la Curry)

STLC is related to IPL: Curry-Howard(-de Bruijn) Isomorphism.

If M:(I't=7) then (' - 7) is called a typing of M.



Simple types for A4z

Definition (Simple Types and Contexts)
Types o,7€S:=A|S—>S Contexts [ ::=nil|o.l
System A

M:{o.T F 1)
AM:A(TEo—T)

=

A{1.T B 1) (var)

i

=]

(r=7)
n+l:(o.l 1)

M:(TFo—T) N:(T+ o)

(varn) (M NY: (T F7) e




Typing Systems Properties

Subject Reduction (SR)
If M:(T'F7) and M =45 M’, then M’: (T - 7)

v

v

Strong or Weak Normalisation (SN and WN) for typeable term.

v

Type Inference (M :7)

v

Principal Typing (PT)

v

Inhabitation Problem (? : (I' - 7))



Intersection type discipline

Introduced by Coppo and Dezani-Ciancaglini. [CDC78, CDC80]

v

v

Characterisation of the SN terms of the A-calculus. [Pottinger80]

v

It incorporates type polymorphism in a finitary way:

Ax.x : (int— int) A (bool — bool)

» PT has been verified in IT systems. [Bakel95, SM96a, KW04]
» Exists IT systems for explicit substitution (ES) calculi, e.g. Ax
[LLDDvB2004]

v

There is no IT system for calculi with composition of substitutions.
(e.g. Ao and Ase)



Explicit Substitution

» Substitution is a meta level operation in the A-calculus

(Ac-M N) —5 M{x := N}

» Calculi with Explicit Substitutions extends it:

()\XM N) —7(Beta) M(X = N>

» There are different approaches of expliciting the substitutions.



The Ao-calculus [ACCL91]

Well studied and important application on HOU. [DHK95]

v

v

Two-sorted calculus: Terms and Substitutions.

v

Defined with n-ary substitutions.

v

Allows composition (unrestricted composition).

v

Ao uses de Bruijn indices.

(AM N) — M[N.id]  (Beta)
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The As.-calculus [KR97]

v

Natural extension for the A-calculus a la de Bruijn.

v

Has application on HOU [AKO1].

v

Extension of As [KR95], allowing composition.

One-sorted calculus: Terms.

v

» Introduces operators to realise substitutions and updatings.

(AM N) — Mo*N (o-generation)
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Restricted Intersection types in Az

Definition (Restricted intersection types and contexts)

1. The restricted intersection types are defined by:

o €T = AlU—>T
uveU =w|lUNU|T

A is commutative, associative and has w as neutral element.
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Restricted Intersection types in Az

Definition (Restricted intersection types and contexts)

1. The restricted intersection types are defined by:

o €T = AlU—>T
uveU =w|lUNU|T

A is commutative, associative and has w as neutral element.
2. Contexts: [ :=nil |u.l st. ueld

nil AT =T Anil =T (.M A (u.A) = (u1 A wp).(TAA)
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The system A\5% [VAK2010]

System A\5j%

TET ar M:(nil - 1) _
1:(r.nil b 7) v AM:{nil Fw—T) "
n:(l-7) varn M:(ulFT) .
i( 7 AM:TFu—T)y

My (Tw—T) M (A+ o) N
(M1 Mz):(F/\A"’T) €

Mi:(T = ALjoi—=7) My (A o1) ... Mo (A" o) .
(Mle).<r/\A1/\---/\A"|_T> €
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1:{(a—=B.nil - a—p) 1:(a.nil - )
(1 1):{(a—B) Aa.nil - 5)
A(L 1):{nil - (a—=pB)ANa—p)

Q= (A(11)A(11))is not typeable in Az:

2

(a=B)ra =" (a/=B)Ad > p
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System A% properties

Lemma (Relevance [VAK2010])
If M:(T = 1), then |T| = sup(M) and Vi, T; # w iff i€ FI(M).

- Every G-nf is typeable.
- A restricted version has PT for all 3-nf.[VAK2010]

- SR for -contraction (for relevant systems).
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System A% properties

Lemma (Relevance [VAK2010])
If M:(T = 1), then |T| = sup(M) and Vi, T; # w iff i€ FI(M).

- Every G-nf is typeable.
- A restricted version has PT for all 3-nf.[VAK2010]

- SR for -contraction (for relevant systems).

Subject Reduction (SR)
If M:(T'+7) and M —g M, then M": (I - 7)
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System A% properties

Definition (FI restriction)
Let |y be a " C T s.t. |['] = sup(M) and Vi, I} # w iff i€ FI(M).

Theorem (SR for -contraction in AJ2)
If (M N): (T s ) then {1/NYM: (Tl ynym Fasu 7).

16/ 44



A
The system Az
System \jg

M {(nil - T) _
AM:nil - w—T)

_ollkn) o MiwlEn)
nt+1l:(w.lF7) AMA(THu—T)

My (T = ALjoi—T) M2:(A1 Fo) ... Mo: (A" F o)
(M1 Mz):(F/\AI/\---/\Anl_T>

e

Lemma

If M:(T s, 7) and [T[=m>0 then T, #w and V1<i <[l
implies i€ FI(M).

CTi#w
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Ao-calculus [ACCLI1]

Syntax
Terms M = 1| (M M)|X.M|M][S]
Substitutions  S:u=id| 1t |[M.5|S0S

> n+l1= 1[17]

» The S-reduction is simulated by the term M[S](closure)

(A.M N) = M[N.id] (Beta)
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Ao rewriting rules

(A\.M N) —  MIN.id] (Beta)
(M N)[S] —  (M[S] N[S]) (App)
1[M.S] — M (VarCons)
M[id] — M (Id)
(AMS]  —  A(M[L(SoD)]) (Abs)
(M[SD[S] —  M[SoS'] (Clos)
ido$ — S (IdL)
To(M.S) — S (ShiftCons)
(51 o 52) o 53 — 51 (o) (52 o 53) (AssEnv)
(M.S)o S’ —  MI[S].(S0S")  (MapEnv)
Soid — s (IdR)

11 — id (VarShift)
1[S].(toS) — S (Scons)
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Simple types for Ao

The System Ao™

Terms
| Mi:(T+o—T) M;:(I'+ o)
(var) 1:(rl k1) (app) (My Ma): (T F 1)
(lambda) _MHoTET) Cos)  SATBT) MATE)

NMAFFoor) M[S]: (T - 7)

Substitutions

M:Tk7)y  S:(T>T)

(d)  id:(reT) (cons) M.S: (T

Sr>r' S (r'e>r1"

(shift) t:(r.F>T) (comp) Tos ol
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Ao~ Properties

» Has SR property.[ACCL91]
» Typeable terms are WN.[Munoz97]

» Ao~ has PT. [VAK2008]
(equivalence with Wells" PT)

» System Ao is not PSN:
“If M is SN in X\ then M is SN in A\o”
(Mellies’ example [Mellies95])

» Unrestricted composition is the one to blame.[Ritter99]
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The system \o”

Terms

M:(ulF+T)
——— (var) —_—
1:(r.nil = 7) AM:TFu—T)
My (THw—T) " M (nil & T) ,
TN e e T T i
(M1 Ma) (T = 71) AM:(niltw—T)

My (T = ALjoi—T) Mz:(Al Foi) ... Mo: (A" F oy)
(My Mp):(TAAYA -~ AA" - 7)

—e

S:(re-r’) M T+ 7)

M[S]: (T F 1) (clos)
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The system A\o”

Substitutions

M:AA' For) ... M (A" Fo,) SH{A>A)

(A-cons) I 7
M.S:{A" A ANA"ANA D> (Aimyoi).A)
) r#Aw™® S(r>r" S (r 1"
(id) —— (comp) 7 7
id:(F>T) SoS(r>T")
S:{A il
(nil-shift) 1:{nil > nil) (nil-cons) %
r#Aw” S {A> A
(shift) TAAWD (w-cons) <—‘>>,, A A wt
Ti{w.l>T) M.S:(AD>w.A")
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System Ao’ properties

Lemma
IfM:(T'+7) and [T| = m >0, then T, # w. In particular, if S: (' >T")
and [l =m >0 then T, #w and if '] =m' >0 then T, # w.

Lemma (Generation for substitutions in A\o")

1. S:{(nil > nily for any substitution S.
2. If M.S: (I > nil) then S:(I' &> nil).
3. IfFM.S: (T >wl’) then S:(FT>T") and " # w2,

4. IFMS:(T>T') for T'=A" 0,.T" then S:(I'"" >T") and Vi,
M:(TFo) st T=T"ATYA---AT™.
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System Ao’ properties

Lemma (Generation for substitutions in Ao”(cont.))

- AfF S (T > nil) then T = nil.

CAMAT > Ty iff either T =T" = nil or T = w™.I", where I’ # A.w?™.
CIfFS:(T>T") and S:(A > A') then S:(TAA BT AA).

CIFS (T > AYAA?) for AV£A . w™ and A2#£A".w™, then
FT=T'AT?2st S:(IM> A eS: (M > A2).

5
6
7
8

Lemma (SR for A\o")

IfM:A(TF7)and M — 5, M’ then M":(T' & 7). Particularly, if
S:(IT'>T")yand S — 5, S’ then S': (T > T7).
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As-calculus [KR95]

Syntax
Terms M == n|(M M)|\.M|Mo'M| g M,
where n,i,j € N* and k € N

» The S-substitution is simulated by the term Mo’ N

(A.M N) = Mc'N (o-generation)
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AS rewriting rules

(\.M N) —  MolN (o-generation)
AM)o'N  —  A(Mc™tIN) (o-A-transition)
(My My)o'N  — (Mo N) (Mo’ N)) (0-app-transition)
n=1 ifn>i
no'N — OhN ifn=i (o-destruction)
n ifn<i
i (A.M) — APl M) (¢-A-transition)
(M Mz)  — (piM) (£ Mz)) (i¢-app-transition)
,. n4i-1 ifn>k .
Yn — { 0 ifn<k (¢-destruction)
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Ase rewriting rules [KR97]

(Mic'M))o'N  —  (Mid T N)o'(Mao/ =™ N) if i <j  (o-o-transition)
(pM)o' N — P 'M ifk<j<k+i (o-¢-transition 1)
(piM) ' N — Pl(MadTTIN) if ki< (o-¢p-transition 2)
i (Mo’ N) —  (PhaM)’ (i1 jN) if j < k+1 (p-o-transition)
i (P M) — <pj'(<pf(+l,jM) if I+ <k (¢-¢-transition 1)
i (P M) — PTTIM i I<k<I+] (p-¢-transition 2)
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Simple types for As,

The System As.™

M:{c.T -
1:(r.T k1) (var) # j
AM:A(TEo—T)
n:(r'er) M:(Tko—T) N:(T+ o)
————— " (varn) —e
n+l:(c.T F 1) (M N):A(T+T)
M (T <.l i
(o) Ml seloei BT - e r > ki1
oM (T T)
N:F,-I— MF,F,I—
o M) Mgl

Mo N (T + 7)
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Ase~ Properties [KR2000]

» Has SR property for both As and As,.
» Typeable terms are SN in As.
» Typeable terms are WN in As,.

» As.~ has PT. [VAK2008]
(equivalence with Wells" PT)

> System As. is not PSN.
(Guillaume's example [Guillaume2000])
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Intersection types for As

The System As*V

M: (T + 1) N: (At p) M: (1)

w- - - AT > k w-o S — )
() GIM: (T <pw =Ly - 7) I (t-0) Mo'N:(F;j.Ts; F7)
M:(T'+ N:(AF M: (T +
(nigy —MHCET) ey (nil-o) NAAEP) D <
eM (T 71) Mo'N: (T + 7)
N:(nil = o1) ... N:(nil - om) M:(w =t AT ojonil - 7)
(A-nil-o) ' J
Mo'N:(nil - T)
N:{(nil - o1)...N: (nil - M: (-
(Aw-0) (nil - o71) : (ni O'm? ( 7')’ =A™ o) (%)
Ma'N (T < (i—gy-nil & ) J
N:{(ALFop) ... N:(A™ M:(T +
(Ao) A F o) { om) Crn) - Ao (F%)

Mo'N: (T Ts) AwZE (AT A - AA™) F 1)

*r= I’<(,-,k).w5. /\_;n=l o;j.nil and I'(,-,k,l);éw
(**) Ak # nil, for some 1< k<m, or ['s; # nil
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System As" properties

Lemma (Relevance for As*")
If M:(T & 7), then |T|=sav(M) and Vi, T; # w iff i€ Al(M).

Theorem (SR for s in A\s*")
Let M:(TF7). If M =4 M, then M": (' - 7).
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System As" properties

Definition (Al restriction)
Let M|y be a " C T s.t. |I['] =sav(M) and Vi, '} # w iff i€ AI(M).

Theorem (SR to As®" for the simulation of S-contraction)
Let (\M M') € Ags. If (\.M M'):(T F 1), then
{1/MIM ATl 1mym B 7).
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Intersection types for As,

1A) o\ A is typeable in As

(8
S
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Intersection types for As,

30rA) o\ A is typeable in As%"

—xs. M!, for M' = (302N A) ol (ActA.A).
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Intersection types for As,

Let A= (l )
= (30'A) o\ A is typeable in As*"

- M =y, M, for M' = (302X.A) 0} (ActA.A).

- M’ is not typeable in As*™
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Intersection types for As,

Let A= (l )
= (30'A) o\ A is typeable in As*"

- M =y, M, for M' = (302X.A) 0} (ActA.A).

- M’ is not typeable in As*™

We change three typing rules:

M:(TFw—T)
MN):-(TF7) ¢

M: (T 7) , M:(T 1)
MEED i (o) — =
Mo'N: (I - 7) Mc'N:(T<;.Tsi b T)

(nil-o)
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Intersection types for As,

System s,

e M:(T +
(nil-o) # [T < i (w-0) - iy Ti=w
Mo'N: (T + 1) Mo'N: (T ;.Ts; - 7)
N:(nil - o1)...N:(nil - om)  M:(w™=L AT ojnil - 7)
(A-nil-o) -
Mo'N: (nil - T)
N:{nil - .o Nnil = M:(T -
(A-w-0) il ¥ 1) {nil ¥ om) < T>. Fi=ALo5 (*)

Mo’ N (T (;—gy-nil = 7)

N:{(A'For).. . N:{(A"Fom)  M:(TET)

N-o - ] CTi= AT o (¥*
( )Ma'N;<(r<,-.r>,-)/\wd.(Al/\...AA'")H) $= Aoy ()
M: (T - rer-
(o) — sk o) D <
wLM:(FSk.w’f.F>kI—T> M <FI— >

Mr= F<(, K- wkoam 1 Oj- .nil and I'(,-_k_l);éw
(**) Ak # nil, for some 1< k<m, or ['s; # nil
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System As.” properties

Lemma
IfM:(T = 7) for T| =m>0, then T, # w.

Theorem (SR for As.”)
IfM:(T'E7) and M — s, M, then M (T - 7).
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Conclusions

- The A-calculus is important for theoretical and practical purposes in
Computer Science.

- Explicit substitution fills a gap between the theory and real
implementations.

- Intersection types allows one to add polymorphism in a computation
type system in a “machine friendly” way.
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Contributions

- IT systems was introduced for two ES calculi: Ao and Ase.
- Both systems satisfy the property of SR.

- In order to obtain those IT systems, we presented an IT system for
Agg and introduced an IT system for As.

- We introduced the syntactic notion of available indices in order to
present a proper notion of relevance for As.

- We introduced a proper notion of SR for both relevant systems.

- The SR for relevant system is satisfied in each calculus for the
(simulation in the case of As) -contraction.
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Open questions

- Verify whether Ao and As.” characterise WN.
- Verify whether A%z and As®" characterise SN.

- Investigate the notion for PT on Ajg, Ao’ and As.”.
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The Ax-calculus rewriting rules[Lins86, BR95]

xix = N — (xv)
xly =N) —sx ifxy (xvge)
(Ae-M){y == N) — A.M{y :== N) (xab)
(My Mz)(y := N) — (My(y := N) Mao(y := N))  (xap)

where x #Z y and x ¢ FV/(N) in (xab)
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